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Dynamic biological processes such as enzyme catalysis, molecular motor translocation, and protein and nucleic
acid conformational dynamics are inherently stochastic processes. However, when such processes are studied
on a nonsynchronized ensemble, the inherent fluctuations are lost, and only the average rate of the process
can be measured. With the recent development of methods of single-molecule manipulation and detection, it
is now possible to follow the progress of an individual molecule, measuring not just the average rate but the
fluctuations in this rate as well. These fluctuations can provide a great deal of detail about the underlying
kinetic cycle that governs the dynamical behavior of the system. However, extracting this information from
experiments requires the ability to calculate the general properties of arbitrarily complex theoretical kinetic
schemes. We present here a general technique that determines the exact analytical solution for the mean
velocity and for measures of the fluctuations. We adopt a formalism based on the master equation and show
how the probability density for the position of a molecular motor at a given time can be solved exactly in
Fourier-Laplace space. With this analytic solution, we can then calculate the mean velocity and fluctuation-
related parameters, such as the randomness parameter (a dimensionless ratio of the diffusion constant and the
velocity) and the dwell time distributions, which fully characterize the fluctuations of the system, both
commonly used kinetic parameters in single-molecule measurements. Furthermore, we show that this formalism
allows calculation of these parameters for a much wider class of general kinetic models than demonstrated
with previous methods.

Introduction size of the motorkga is the maximal turnover rate, andy is

the substrate concentration at which the reaction rate is half-
maximal. Furthermore, because mechanical force is a “product”
of the reaction of a molecular motor, direct application of force

nanometer and mill nd les the individual traiectory of makes it possible to also probe how mechanical motion and
anometer a nisecond scales the ual trajectory ota catalysis are coupled and locate the force-generating step within
single enzyme as it catalyzes a reaction, a molecular motor as

it translocates, or a single polypeptide or nucleic acid molecule the cycle: Such studies have revealed details on the mechan-
as it unfolds aryld refoldg3 Igeggh IC():ase this trajectory consists ochemica_l cycle of motors such as kinésimnd myosin V49

of a sequence of molecular events ’(transitions between theﬁ:gi(;rf;tlg ;‘:g r(i? "ﬁ;y‘“'ggFi% gﬁ%wergfeér’l;gdljgsvgsgfl
distinct kinetic states of the system) that are stochastic in nature. phaggz>, g : ’

. I macroscopic kinetic parameters suchkag and Ky are only
Single molecule_methods have the ability to measure not on!y indirectly related to the microscopic rate constants connecting
the average trajectory but also the fluctuations around this

average; thus, the statistical analysis of single-molecule tra'ec-the numerous kinetic states that compose the reaction ¢ycle.

crage, » stical analy 9 . I8¢ As a result, measurements of the velocity alone are insufficient
tories can provide crucial insight into the underlying sequence ) ;

. : ’ to establish uniquely the number and type of states that compose

of events that leads to the behavior of a biological system. o - .

M s of th te of " functi fthe kinetic cycle, locate within that cycle the physical step of

easurements of the mean rate of a reaction as a function of, o 100 or determine its size.

experimental variables (the concentration of a reactant or M £ ) b h h
product, for instance) can reveal important details about gt e_asurementg utr:ltuatllons da Olét the average rate (the
intermediate states in the reaction cycle. For example, the Iffusion constanD or the related randomness parameter

dependence of the velocity, of a molecular motor on substrate 2D/vd,!**° & dimensionless measure of fluctuations) can lend
concentration [S] can reveal macroscopic constants of the Significantly more information_gbout the underlying kingtics of
enzymatic reaction such s and Ky from the Michaelis- a system. The latter, specifically, has proven particularly

Menten equation = dka{S)/(Kw + [S]). whered is the step powe.rfu.llbecguselr it proy@es a lower I|m|t on the numbgr of
rate-limiting kinetic transitions in a reaction cycle under given

T Part of the “Attila Szabo Festschrift” experimental condition® Measurements of thg randomness
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a @ @ backtracked pathway consisting of numerous stét&syhereas
¢ kinesin and dynein have been observed to take forward and
backward steps or steps of varying sizes, all likely corresponding
@ @ to different parallel pathways with different kineti€s2°
: : Moreover, certain metabolic enzymes are believed to fluctuate
@ between a large number of catalytically active pathways, each
X; x+d with distinct rate constan#8:3°-31Thus, to describe these myriad
e Y behaviors, it has become essential to develop a general theoreti-
@ cal formalism that can calculate the quantities typically measured
¢ in single-molecule experiments for cycles of arbitrary complex-
@ ity. As will be discussed in more detail below, analytical and
: numerical methods for performing these types of calculation
have already been developed and described previdudly!°
but no single method has been used to calculate exact analytical
expressions for all of these kinetic properties. In particular, the
Figure 1. Examples of the different types of possible connectivity in  calculation of dwell time distributions for systems with the

differentn state kinetic mod_els. C_|rcI(_es represent distinct kinetic states; variety of stepping pathways demonstrated in Figure 1 has been
arrows represent the possible kinetic transitions between these state imited,15.36.39.40

Double arrowheads represent reversible transitions; the dots indicate ; .
the series of kinetic states not shown between state 2 andnsfate In this article, we present a general methodology adapted from

discrete position along the lattice increases from left to right. (a) A Previous work®2* for calculating these quantities for a wide
simple kinetic scheme with an irreversible step of sikze(b) The range of kinetic systems, including all of those mentioned above.

reversible version of the system in part a in which the motor can now Furthermore, we also demonstrate that it is possible to use this
take a backward step;d. (c) A kinetic scheme in which the system  methodology to derive exact analytical expressions for the
makes physical steps during two different kinetic transitions. (d) A | anjace transform of the dwell time distributions for many
kinetic system with two types of steps that differ in size and that result Kineti includi h f hich h
from different kinetic transitions. inetic systems, inc uding most branched systems for which suc
_ _ guantities have not been calculated previously. Finally, we end
numbe( and. va!ue of the microscopic rate constants of the our discussion with a series of worked examples, chosen to
underlying kinetic cycle. o illustrate the power of this technique and the usefulness of these
An advantage of steady-state kinetic parameters, such as theinetic parameters in the analysis of single-molecule data.
velocity and the randomness parameter, is that they do not
require the measurement of the exact time each reaction cycleGeneral Formalism
takes to complete. In measurements of molecular motors, for For illustration purposes in the development of this methodol-
example, it is possible to extract these parameters even when . . -
the individual steps of the motor are obscured by experimental °9Y W& will consider in this discussion a molecular motor that
161819 PS¢ : : "¢ DY &XP undergoes a cycle of chemical and conformational transitions
noisel®.18.19Indeed, in cases in which certain features of the . - . : .
S o in which it catalyzes a chemical reaction, such as ATP
kinetic scheme are known a priori, the randomness parameter

can be used to determine the step size of a motor without directhydrOIySiS’ and translocates along a linear track, such as actin
PPN . Step or DNA. Typically, the track can be considered to be periodic,
observatiort® However, if the individual steps are resolvable,

L . h such that, upon completing each cycle, the motor returns to the
then it is possible to measure the exact time between events . - ;

) o . . same mechanochemical state. Transitions between states typi-
and compile the distribution of first passage (or dwell) times,

. " A : cally occur by thermal activation over an energy barrier well
l/f(t)' in addition to thg distribution of step sizegx). In a described by Kramers thedrand are generally exponentially
rigorous sense, the first two moments of the dwell time

2 . . distributed in time. Thus, the progress of a molecular motor
distribution, the mean and the variance, are directly related to . . . .
. ; ; . along its chemical coordinates and along its track can be
the mean reaction rate and its fluctuations, respectively.

However, since this distribution can, in principle, generate every modeoll_ed as ad(andor_n we}l:< ;?gé)gtlmﬁous tlmetglong ﬁl dlsfcrete,
moment, it contains the maximal amount of kinetic information gew?déc glr;:s lrgferll(isr;c;rgii %c;delsu\?vitﬁsfi?ﬁn;?elr?tnsd: cr)w or f
that can be extracted from the data. Dwell time distributions s L grees o
have been measured for molecular motors such as mya8# v conne ctivity between k.|net|c. states and bgnNeen physical
and kinesir?223 the rotary motor F1-ATPasé,and enzymes Iocatlons_on _the periodic lattice, as showr_1 in the example
such ass-galactosidas to name only a few. systems in Figure 1. For now, we will consider a motor that
These experimentally observed quantities (the mean velocityynd?rgoess Ilnsa[]cyfclltla ofr eversrl]ble tr.ansmons, as denoted
v, randomness parameterdwell time distributiony(t), and In Figure 1b and the following scheme:
their associated macroscopic kinetic parameters) are used in

single-molecule measurements to infer properties of the under- ky ky kg Kn
lying kinetic cycle; however, their connection to the microscopic lf’ 5 T’3 T’4 e 1 1
rate constants that compose this cycle is often quite complex. Tk nji @)

Moreover, the kinetic cycles that describe the biological ~
processes studied by these techniques are also generally far mor@here 1--- n are then kinetic states of the motor, arkdandk;
complex than those of simple textbook Michaelddenten are the rate coefficients for the forward transition from state
enzyme reactions. They can involve numerous intermediatetoi + 1 and the backward transition from- 1 toi, respectively.
states that may be connected by irreversible (Figure 1a) or We will extend our analysis to more general cycles in the
reversible transitions (Figure 1b), branches off the main catalytic discussion below.

pathway (Figure 1c), or parallel pathways with different reaction =~ Because of the cyclical form of eq 1, we can choose without
outcomes (Figure 1d). It is known, for instance, that during loss of generality to enumerate the states such that transitions
transcriptional pausing and arrest, RNA polymerases enter al throughn — 1 are catalytic and conformational steps and
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transitionn corresponds to the physical step of the motor along
the track. Following the formalism of KoZ&2* we describe

J. Phys. Chem. B, Vol. 112, No. 19, 2008027

With the appropriate initial conditions, solution to the matrix
master equation, eq 4, determines the complete time course of

the progress of the motor through its mechanochemical cycle the motor along its mechanochemical cycle, through its multiple

by the probability densiti(x;, t) of occupying staté at position
X along the track at timé The time evolution of this quantity
is given by the master equation

P, (x1 t)

= —(k + k_DPi(x, ) + k_1Pi_y(x, 1) +

kPia(x, 0) (2)

which is modified at the start and end of the cycle to account
for transitions from the previousq(1) and subsequent;1)
positions along the track:

apl(xj t)
=~k + k)P, O+ K P 1,8 + KP,
P, (%, 1) _
. —(ky + Ko )P, 1) + K1 P g (X, 1) +

Rnpl(XjJrli t) (3)

The use of the master equation to describe the kinetics of this
system implicitly assumes that the lifetimes of each state in the

cycle are exponentially distributed. Although it is possible to
extend this formalism to explicitly treat arbitrary lifetime
distributions, such a calculation falls outside the scope of this
article.

By introducing the Fourier transform of the kinetic state
probability density,Pi(q,t) = >Z_,, Pi(x, t)e"'%, we can
express these equations concisely in matrix form,

L P(@ 9 =M@P@Y )

where the vectoP(q, t) and the matrixvi(g) are given by

Pl
P2
P(q,t) = .P3
Pn
~(+k) k0 - k4 (0)
K, ~(tk) ke 0
M@ =|° o Sletk) e 0
ko (@ 0 0 o =k, k)
5)

Diagonal elements correspond to transitions out of each state
and off-diagonal elements, to transitions into each state. The

generation of a physical step during a kinetic transition is
included by multiplying transitions into the state to which the
motor steps by the appropriate Fourier weight{q) = e-ad,

for forward steps, ang_(q) = €99 for backward steps, where

d = x+1 — X is the periodicity of the track or the step size of
the motor. For a kinetic scheme with a distribution of step sizes,
this matrix formalism can easily be extended to a continuous
position variable withp(q), the continuous Fourier transform
of the step size distributiorp(x), as the general weight for
stepping transitions.

catalytic and conformational states, and through its discrete
physical steps. In practice, single-molecule experiments do not
measure the precise kinetic state in which the motor resides,
only its physical position along the track; thus, we will focus
on the quantity relevant to these measurements ptisition
probability density

P(g,t) =

P(a. 1) (6)

in which these hidden kinetic states are summed over. Below,
we demonstrate how to calculate this quantity and how to
connect it to practical kinetic parameters, such as the mean
velocity, the diffusion constant, and the full dwell time
distribution or distributions.

Calculation of the Mean Velocity and Diffusion Constant.
The mean velocityy, and the diffusion constarid, are formally
defined a%

D
= lim 500

= I|m (Dk(t) O ()5

w 2 ot ()
where [3--[0denotes the ensemble average. By nature of the
Fourier transform, the moments of this distribution can be related
to derivatives ofP(q, t) by

()= | gz
2 _ &P 9P\2
300 08 =- 25|+ Go e ®

Thus,v andD are related to the first and second moments of
the position probability densiti(q, t), respectively. As shown

by Koza?334calculation of the velocity and diffusion constant
does not require a complete solution for the probability density.
Instead, it is only necessary to determine properties of the
smallest of then eigenvalues of the matriM(g), which
dominates in the long timé {—~ «) and short wavenumbeq (

= 0) limits taken in eqs 7 and 8.

We adopt here a different approach that will be useful in a
later analysis. Taking the Laplace transform of the matrix master
equation, eq 4, and inverting it yieldq, s) = R(q, 5)~1P(0),
whereP(q, s) = /5 dt e P(q, t) is the Fourier-Laplace trans-
form of the kinetic state probability density vector, the matrix
R(q, s) = sl — M(q), andP(0) is the vector of initial conditions

'of the kinetic state probability densities. Applying the definition

of the inverse matrix and carrying out the summation over
kinetic state index, the Fourier-Laplace transform of the
position probability densityP(q, s), takes the following form:

P(a,9) = Z Cai(a, 9P;(0) = ©)

|R(q, )| i)=1

where|R(q, )| is the determinant oR (i.e., the characteristic
polynomial ofM(q)), and the matrix elementag;(qg, s) are the
cofactors ofR.

IR(q, 9|
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There are several properties of this probability density that
will be useful in later calculations. First, sinéeis ann x n
matrix, its determinant is anth order polynomial irs; that is,

IR, 9)| =8"+ = + (@)’ + B@)s+ y(a) (10)

where, for reasons that will become clear below, we have only £ ||

written out the last three terms of the polynomial. Furthermore, S

from the definition of the matrixR, the last term in the 8 '

polynomial,y(q), is simply the determinant|M(q)|. Because

of conservation of probability, all of the columns g sum to

zero in theq — 0 limit (see eq 5); thugM (0)| andy(0) = 0.

In addition, from the definition of the Fourier transform, this

limit corresponds to the integral oveiin real space, which by

conservation of probability must be 1. Since the Laplace

transform of 1 is 19, this implies thaCC(g = 0, s) = |R(0, 9)|/s. 0 5 10 15

Thus, althouglC(qg, s) depends on initial condition€(0, s) is Time (1/k)

independe.nt o’r?(O). . . Figure 2. Dwell time distributions from a Monte Carlo simulation of
A.S. detailed n AppenQ|>§ A, applylng egs 7 and 8 to_the afgour-state fully reversible, linear, kinetic scheme, as in eq 1 and Figure

position probability density>(q,s), in eq 9, given the behavior 1, "panels ad show the different dwell time histograms for forward

110 15 20 25 30

derived above, yields the simple expression steps that were preceded by a forward step (a) or a backward step (d),
or backward steps that were preceded by a backward step (b) or a

. 7(0) forward step (c). Despite the apparent simplicity of the reversible linear

=l ﬁ(_O) (11) scheme, its dynamics are described by multiple dwell time distributions

that depend on the type of physical step taken both before and after

. L . the dwell. However, it is possible to calculate these dwell time
where(0) denotes the derivative with respectq@valuated icinytions (solid lines) from the position probability density using

atq = 0. Thus, the velocity depends only on the coefficients,  the method described here. The rates used in the simulatida are
p andy, of the lowest two orders of the polynomig(q, )|, ko = ks = ks = k, ky = ko = ks = k, andk, = k/5. Time is measured
and is independent @(q, ). The same approach (see Appendix in units of 1k.

A) can be used to calculate the diffusion coefficiént o ) ) )
an expression first derived by Derridaria a different method.

#(0) — 2iv B(0) — 2a(0) v Here, K; = ki—1/k; with the property thaksj = K; (note also
D= (12) that Ky = kyk;). Due to its common usage, we derive an
25(0) expression for the randomness parameter 2D/vd, rather than
which depends only on the coefficients for the three lowest order the diffusion constan, applying eq 13,
coefficients of the determinant, 5, andy. Equations 11 and n
12 were first derived by KoZ&34 using similar arguments. 1+ K
The randomness parameter is defined a&s 2D/vd which _ ! n
from egs 11 and 12 yields r=——-2[1— ﬂ K] x
n
i v ; ; 1- K
_i(#0)_, A0, ,a0)7(0) 13) D .

"Tdlyo 8O 7 poy o
nH—-1 m

n i-1 i—1 m
11
In cases for which the step size is not uniform, the definition Z Z —— @1+ ZL |_| K)(1+ ZL |_| K)
1=2 |= k|k1 m=|+11 m=i+1 I=i+1

of the randomness parameter must be generalized to account =j+1

for this variability. As suggested by Shaevitz et3ld can be N o1 ] 5 (15)
replaced byld[] the average step size, and thuss 2D/v[dl E 1+ K)

However, as discussed in more detail below, the appropriate ; k 1;1 |l:|r1 !

definition of r is ambiguous in certain circumstances, exposing

a potential limitation to this kinetic parameter. which is also consistent with expressions derived by Defida.
To illustrate the use of eqs 11 and 13, we return to the \ypjie these quantities have been calculated previously via
reversplen-statg !lnear cycle in eq 1 and Figure 1b. .Due to the gitferent methods, these results illustrate that this matrix
predominant tridiagonal symmetry of the matf in this  aihodology can address kinetic systems of arbitrary size.
scheme, it is possible to determine these three coefficients ~gnnection to Dwell Time Distributions. We now extend
explicitly and obtain general expressions for the velocity and ¢ caiculation of kinetic properties with this matrix formalism
diffusion constant for an arbitrary reversible linear cycle (see (g thedwell time distributiony(t), the probability that the motor
Appendix B). The velocity is given by spends a timé at a single physical location on its track. It is
important to first note that it is not always possible to describe

1— - K a given kinetic scheme by a single dwell time distribution. For
D ! example, the reversible linear scheme that we have so far
v=d . - (14) considered (eq 1 and Figure 1b), in which a motor can take
"1 nHl g both forward and backward steps, cannot be described by a
E(l + Z |_| K) singley(t) (see Figure 2). To illustrate this point, consider the
1=1 K =11 =i+l

sequence of kinetic transitions that must occur during a dwell
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preceded by a forward step and followed by another forward wherey+ = y(Q)/(1 — p+(q)) = kikz *** ks. In the limits= 0,
step (Figure 2a). The motor starts in state 1 and makes multiplecorresponding to the integral over all timg(s = 0) = 1, and
transitions to state, where it generates a forward step.and the dwell time distribution is properly normalized to unity.
returns to state 1 at the next position along the track. In contrast,Equation 18 is a general, closed-form solution for the Laplace
in a dwell preceded by a forward step but followed by a transform of the dwell time distribution for all linear cycles with
backward step (Figure 2c), the motor starts in state 1 and mayan irreversible step (Figure 1a), and remarkably, it is only the
immediately take a backward stepd, or take excursions to  characteristic polynomial of1, and not then eigenvalues of

any of the states 2 .n before returning to state 1 and taking a  the system, that is needed to calcula(g). An elegant, alternate
backward step. Similar situations arise for the other two cases:\yay of expressing)(s) is to take the limit thap-(q) = 0 in eq

dwells preceded by a backward step but followed by a forward 16" |t follows thaty(s) = 1 — sP(a,9)|,,0, Which can be
(Figure 2d) or backward step (Figure 2b). Because the kinetic simplified to
path taken in each case is different, it is clear that in general,
the dwell times will be described by separate dwell time
distributions. A similar argument was made recently by Tsyga- P(s) =
nkov, Lindan, and Fishé® and Linda and Wallin%® R'(s)|
Although we will derive a connection between the position
probability and the four unique dwell time distributions required WhereR'(s) is the matrixR(g, s) in which p.(q) = 0. Evaluating
to describe the dynamics of the linear cycle considered above, |R'(S)| reduces eq 19 to eq 18, and expressions for all of the
we will first consider, for illustrative purposes, the situation in  coefficients in terms of kinetic rates can be found in Appendix
which the transition rate for the backward step is z&xes O, B.
and the system steps only forward (Figure 1a is an example of  To extend this analysis to the fully reversible linear cycle,
such asystem). In this Specialized case, there is Only one dWe”eq l, a genera"zed form of eq 16 must be deve|oped_ The
time distribution, since the motor can step only forward, and proplem can be extended to that of any cycle involving multiple
there is a simple one-to-one correspondence between the positiogtepping mechanisms (for instance, forward or backward step-
prqbabi]ity density and the dwell time distribution, concisely ping or stepping by different distances), each attached to a
written in Fourier-Laplace space’ different dwell time distribution (see Figure 1). The distinction
1— (9 must also be made between cycles in which the dwell time
- = (16) statistics depend on the type of step taken before and after the
S(1 = p(@y(9)) dwell (Figure 1b, the reversible cycle) or those in which the
_ dwell time statistics depend on only the succeeding step
wherey(s) is the Laplace transform of the dwell time distribu-  (Figure 1c, in which different stepping branches lead to the same
tion. Thus, if we calculate the full position probability density, jnitial state). We term the formecorrelated steppingin
P(q.s), via eq 9, we can use this relation, eq 16, to solve for \yhich the probability of taking one type of step depends on
(9). (1) can then be generated frop(s) using an inverse  ihat of the preceding step, and the latiecorrelated stepping
Laplace transform, although in general, this may not be i which it does not. The treatment of correlated stepping
necessary, since the moments ®(t) can be found from o0 ires the definition of a dwell time distribution matigixs),
derivatives ofy(s), as we will show below. Moreover, the iy, elementsy;(s), in which the first index denotes the type
calculation of the inverse transform involves finding the roots of step preceding the dwell, and the second index similarly

g{m?;ygtg)zger polynomial, thus analytical solutions may not denotes the succeeding step. Using the reversible linear cycle
To calculateP(q, s) explicitly from eq 9, we must first choose as illustration,

the appropriate initial condition. Since the dwell time distribution ~ ~

describes the first passage time from one physical step to the P(s) = p++1£)++(s) p+,1g+,(s) (20)
next, the correct initial condition i®(0) = dj; that is, the P_+¥-4() P_—y__(9

system starts in state 1. In general, the appropriate initial

condition is the state to which the motor steps (state 1 in Figure where + and — indicate a forward and backward step,

Vi

(19)

P, 9=

la and c, for instance). As derived in AppendixR&g, s) for respectively, andp... represent the probability of taking a
ann-state irreversible linear scheme takes a remarkably simpleforward or backward step given the previous step, i.e.,
form, the conditional branching probabilities For convenience
RO L in calculation, we define the matrip(q) and the vector
- ,S L e i
B, 9 _1RO9__ ¢ +as+p 17) W(9),

SIR@, 9| &+ a2+ s+ y(q)

. ) _ p+(@ O
In other wordsC(q, s) = C(0, s). The simple form of eq 17 is p(@ = 0 p_(Q)

a direct consequence of the irreversibility of the stepping

transition. For this cycle, the Fourier transform of the step size Wy = 11— Pt (® — P (9 21
probability distribution is simply-.(q) = €7@, and application (O = sl1— p_+1])_+(s) —p__p__(9 (21)
of egs 16 and 17 yields

IR(@, 9| — IR(0,9)| As derived in Appendix D, the position probability density

W(s) =

= = and the multiple dwell time distributions can be related through
IR(@, 9| — p+(DIRO,9)] P g

the following matrix equation,
Y+

et as+ s+,

(18) I e
P(a, ) = Po(l — ¥(9e(@) (s (22)
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where the vectopy is the vector of initial conditions. In the
reversible linear cycle, for instanqeg = (1 0) corresponds to
the motor having taken an initial forwardt] step. This

Chemla et al.

for P(q, 9 with state 1 as the proper initial condition (see
Appendix C), P+(q, s). Taking the limit thatp-(q) = O,
(sPs(q, s))~! takes the form

formalism is general and can be used to describe any kinetic

system in whichm types of steps are taken and the dwell time 1 _ 1Py 90,9

and the probability to take a given step depend on the type of P49 [, 20 1= Pratpii(S — pr_p (9

step taken previously, such as the kinetic schemes depicted in -

Figure 1b and d. Furthermore, whereas the reversible linear cycle = ay(s) +a(9p.(0) (25)

we consider as an example here satisfiedthtdeneck property o - )
described by Lintie and Wallirf® (in which forward and reverse ~ Similar to that found above, and we can solvefery+-+(s) in
steps occur during the forward and reverse transitions between@n identical fashion, u5|r1g++zp++(s) —a+(8)/ag(s). Choosing
the same two states), this formalism is general and can be usedhe other conditionpg = (0 1), for an initial backward step,
to address more complex systems with steps between multipleand solving forP(q, s) with staten as the appropriate initial
kinetic states, such as that pictured in Figure 1d. condition,P_(g, s), one can solve fap__3——(s) in an analogous

In the limit that the motor takes only one type of step, only fashion. For a general cycle withtypes of steps, this procedure
one element of the dwell time distribution mat[p(s) survives, can be used to extract all the diagonal elements of the dwell
and eq 22 can be seen to reduce to eq 16, as expected. Foiime distribution matrixy(s). However, the remaining(m —
kinetic cycles in whichm types of steps can be taken but the 1) off-diagonal dwell time distributions cannot in general
dwell time statistics and the probability to take each type does be extracted by this method. Fortunately, for the reversible
not depend on the preceding step (i.e., uncorrelated systems suchycle considered here whene= 2, the solution tq.+4+(S)
as the kinetic scheme shown in Figure 1c), eq 22 can also bemakes it possible to also determine the off-diagonal element
simplified greatly (see Appendix D). Since there is no depen- P+-%+-(9), since the above expression can be solved for

dence on the preceding type of step, the first indiexthe dwell
time distribution matrixy(s) can be eliminated (i.ep; — pj
andyy — vj), and eq 22 simplifies to

1 Tr@(S)
L= Tr§(9p(@)

P(a,s) = (23)

where the trace Tef(s)p(q)) denotes the suri™,;pii(s)ei(0),
andp;, ¥i(s), andpi(q) are the branching probability, the Laplace
transform of the dwell time distribution, and Fourier transform
of the step size distributions associated withitheype of step,
respectively.

For systems described by eqs 22 or P@y, s) is connected
to m? or m dwell time distributions, respectively. Therefore,
unlike simple kinetic schemes with only one type of step,
extracting all the dwell time distributions from the position
probability density involves a more complex procedure. We

first treat the simpler case of the uncorrelated system described

by eq 23. Manipulating this equation to obtain the quantity
(sP(g, 8))~1 and taking the limit that all except thth step size
distribution goes to zergj=i(q) = 0, yields the simple form

1
SHq' S) {PjZiIO}

1- pi’]’i(s)Pi(Q)
=———————=2ay9) t a9 p(d (24

1- i ()

which consists of one term independenfodfy) and one linear
in pi(g). Substituting the calculated expression R{g, s) for
that particular cycle and applying these limits, one can solve
for ap anda;, matching terms by their dependencegg(a), and
determine the dwell time distribution tm];i(s) = —aj/ag. The
individual branching probabilitieg; can be extracted using the
fact that the dwell time distributions must be normalized, that
is, 1i(0) = 1. Repeating this procedure for all= 1 == m
determines the other dwell time distributions and branching
probabilities.

A similar procedure can be applied to calculate the dwell

time distributions for the correlated stepper governed by eq 22.

For illustrative purposes, we consider the fully reversible linear
system. We first choose the initial conditiqm{) = (1 0),
corresponding to an initial forward step, and accordingly solve

P-+—(9),

p+—1])+:(5) = .
1-sP(a, 9], o~ sP.(9, ), = () =
ays) ta,(s) — 1 (26)

a9

p++1])++(5)(1 -

Analogously, usind®_(q, s) andp-__y—_(s) yields p—1—+(9).

Using this procedure, we can write exact and remarkably
simple expressions for the four dwell time distributions of the
reversible linear cycle, eq 1,

RTCE |RV(S)|
N

Pty (9= R”“:,_(—S()T)'

P kn||§_(+s()s|)| (27)

wherey_ = kik, -+ k, andR.(s) andR_(s) are defined as —

1 x n — 1 submatrices oR(q, s), in which the last row and
column have been removed and in which the first row and
column have been removed, respectively (see Appendices B
and C). By takings = 0, we find that the branching probabilities
are

p = L
AR oE R o O
V-
P =
el e o
o, = y ey
Ty tyo e
Ve T Vi
B — 28
P+ 2l e o (28)
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—~ 12T T 4 2 TABLE 1: Coefficients of |R(q, s)| for Examples 1-3
S 51.0] [ 10 D
= { T 01 Fog 5 oxamele
S 2064 06 & 1 o Ka[ TTkoks
= S g F 04 3 y(@o 1=p(Q
o 12 .03 F° 32 Bl UM[TNA + ki/ks) + 1k, + 1ks
o Eg— 5 gé @ oo Uk TIka) + L(Ka[TIke)(L + Ka/ko) + 1/(koks)
i i Rl B 2 o ke[ T](Kat + Ko )Kaiks-
_ 10% 107 10° 10" 10 y@lo pe(l—pe(@) +p-(L—-p-(@)
Time (1/k ) [ATPT(K,) B@lo p{(L— p+(@)/ks- + (ke[ TI)(L + ki/(2ko4)) +
1.2 e T T T 1/(2ket) + Lhka:} + p{(1 — p-(@))/ksr +
€ d g10° (ke[ T](L + k/(2kz-)) + 1/(2x-) + 1/ks-}
: Y a/o p{ U(ka[T]ks-) + 1/(Ka+ks-) + 1/(2Kke[T]kz+) +
o' & (k[ Tlks:)(1 + kafkes) + U(kerks )} +
- P{ LUkl TTke+) + LU(karka ) + L(2ka[Tlke-) +
o é /(K[ Tks-)(1 + Ka/ko-) + 1/(ko-ks-)}
g | 3 0 kiTkk ]
—rrrm—rrr—r—r et y(@/o 1= p(q) + ke/(ka[T(L + ki/kz)(L — p+(a) p~(9))
001 01 1 10 100 0 2 4 6 8 10 B@lo k(K[ TIk2)(1 = p+(0) p-(0)) + L/(ka[ TI)(L +
[ATP] (K,,) Time (1/k_, Ka/ko) (1 + Kafks) + 1/k; + 1/ks )
S — S o Uk TIko)(L + kalka) + L/(ka[ T]ka)(1 + ka/ko) +
10° 1 kf 10° 1/(koks)

in Figure 3b. To describe this data, it is sensible to first consider
a simple kinetic model that contains only the minimal number
of chemical states during hydrolysis,

Probability

-
=
i

FRTTIT MAETRTTIT AR TITT

Aulgedold
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-

<
[

T T

2 4 & 8 2 4 6 8
Time (17k ) Time (1/k_,)
Figure 3. Simulated experimental data for the kinetic scheme in model with three states corresponding to empty (E), ATP-bound (T),
3. (a) Observed motor motion measured in units of the step djze, gnqg post-hydrolysis (D). In this model, we assume that hy-

and ke for three concentrations of ATP: 1/EQ, K, and 1Ky drolysis is followed by fast, irreversible phosphate release, and

plotted in green, blue, and red respectively. (b) Velocity (blue circles) o X .
and randomness parameter= 2D/xd (red crosses), measured for the two transitions are combined into one. Furthermore, we

different concentrations of ATP. Solid lines are predictions from the assume for simplicity that the translocation step (denoted by
theory in model 3. (c) Branching probabilities, p+—, p-+, p-—, P+, the right arrow superscripted with the letdroccurs simulta-
andp- plotted as red crosses, green crosses, red circles, green circlesneously with the release of ADP, here also assumed to be

solid blue triangles, and open blue triangles, respectively, as a functionjrreversible. For simplicity of analysis, we consider only the
of [ATP]. Solid lines are predictions from model 3. (¢)+(t), (e) ATP binding transition to be reversible.

Y4+—(t), and (f) y—_+(t) plotted for [ATP] = 1/1Kwm , Kn, and 1&y - . S
in green, blue, and red, respectively. The solid black lines are predic- To use the _above formall_sm to_ determine the I_(lnetlc
tions from model 3. All data were simulated using model 3 with Parameters of interest, we first write the rate mathk,

ki = 36/2%ca, ko = ks = 2Keay, andk; = ks = 2/5kea, and dwell time corresponding to this cycle, by applying the master equation

distributions were computed from10° total steps. eq 4, ensuring that transitions corresponding to a physical step
of the motor, such as that from statg iDto E;, are multiplied

where ys— = kikp *+= ko Y5 ™, K and y. are defined by p(q) = e a4 for a uniform step sized. Thus, for this model

above and in Appendix B. These expressions are consistent withcycle

those calculated previously by a different metfdtve use eq

(=]

10 E,~T,—~D,~E, (29)

27 to produce the predictions for the four different dwell time —ki[T] Rl B ksp(0)
distributions plotted in Figure 2. M(q) = [k[T] —(k,+k) 0 (30)
Example Calculations and Modeling.The different kinetic 0 k, —ks

parameters described above (mean velocity, randomness pa-
rameter, branching probabilities, and dwell time distributions) where we have expressed the rate coefficients in pseudo-first-
are commonly used parameters in analyzing molecular motor order notation, such that the second-order ATP binding reaction
data. Their ability to discriminate between possible kinetic in the cycle is written as a second-order rate constant multiplied
models to describe the measured data, however, varies greatlyby the substrate concentrations [T].
In this section, we illustrate this point by considering possible  The position probability density can be solved by the
kinetic models for a set of simulated data. We demonstrate not procedure outlined above. The appropriate initial condition is
only the usefulness of this formalism in calculating the desired the state E since this is the first state visited after the motor
parameters of different kinetic models, but also the ways in steps. Carrying out the algebi&(g, s) takes the form denoted
which these parameters can be used to aid an experimenter inn eq 17 withn = 3,
assessing possible kinetic models for a set of experimental data.
We thus imagine an experiment that measures a molecular motor (s = S+ as+ 15
Ztep_plng _along its track at varying ATP concentrations, as ! S+ asz+ﬂs+ »(Q)
epicted in Figure 3a.

Model Pathway 1: Linear Cycle.We assume that, initially, in which the coefficientsa, 5, and y are solved by calcu-
the experimenter determines only the velocity and the random-lating the determinantR(g, s)| and by collecting terms of
ness parameter as measures of the kinetics of the motor, plottedcommon order ins. These coefficients are listed in Table 1,

(1)
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TABLE 2: Macroscopic Michaelis—Menten Parameters in
Terms of Kinetic Rates

Chemla et al.

TABLE 3: Macroscopic Randomness Parameters in Terms
of Kinetic Rates

example example
1 Tkt Lo+ 1hks 1 1R, Ukek) i
Kulkear — 1ka(1 + ki/kz) QU  Ulkike) + L(kiks)(1 + Kurke)
2 1Keat P(1/(ZKo4) + 1hkss) + p-(1/(2Ko-) + 1/ks-) 2 1/ 2I(Kyi K ) + PPI(K, ke ) —
Klkeat  pi/ka(l + Ki/(2kos)) + p-/ka(l + Ko/(2ko)) Geat S*Ff e ﬂf*) B 1}?{ ()22* 3-)
P\ L/Kg 3— _
3 Kear Lo+ 1k - Qi Pr{L(Zakes) + Llkika:)(1 + pikifker)) +
Kilkear  Lka(1 + ki/ko)(1 + Kaks) P-(1/(Zkiko-) + 1/(Kaks-)(1 + p-ki/kz-))
divided for clarity by the product of the forward Wk PRl = Lho)
ol\i I((E [T] l((Jrk3c arlty Yy the pro uct of the forward rates 3 1/q§at l/(kgKg) i i
2 Vel QU  Ulkika)(L + koks) + Li(kaka) (1 + kakeo)

Mean Velocity and Randomness Paramet&éhe mean
velocity can be calculated from these coefficients by eq 11.
Given the simplicity of the kinetic cycle, the velocity has the
expected MichaelisMenten form,

g kalTl -
Ky + [T]

which is hyperbolic in ATP concentration, asymptotically
reaching a maximum value afiy for [T] > Ky and a half-
maximal value when [TE Ky (solid line in Figure 3b). How
these macroscopic kinetic parameters relate to the microscopi
rate constants in this example cycle is evident by manipulating
the Michaelis-Menten equation into its LineweaveBurke
form,

d Kw 1

0TI ke

which, by eq 11, is equal t@pj/y(0) . Using the coefficients
from Table 1 and matching terms with the above expression, it
follows that the ATP-dependent term fiifo is equal toKu/Keat

and the ATP-independent term corresponds tQ,l/Table 2
lists these parameters explicitly.

A similar analysis can be carried out for the randomness
parameter using eq 13. Unlike the case of the mean velocity,
there are no traditionally defined macroscopic kinetic constants
for the randomness parameter. However, to expres a
concise form, we have found it necessary to define two
constantsgca: and Qu, which, in analogy tdaandKy in the
Michaelis—-Menten equation, represent an effective rate constant
and a binding equilibrium constant, respectively. The connection
between these constants and the microscopic rates and thei
physical meaning will be discussed shortly; for now, their
definition allowsr to be expressed in a simple, Michaelis
Menten-like equation

L, KalTHQu + [T

Ooar (Ky +[T])?

With some manipulation of this equation, its relation to the
coefficientsa, 3, andy and the rate constants of the cycle is
more transparent.

(33)

(34)

Qum 1
el T
r=1-— 2% (35)
FAL+£J
Kead 7] Kea

Here, the denominator is clearly the expressiordfopresented
above, squared. From eq 13, it follows that the numerator is

ido/7(0). Substituting these coefficients from Table 1 and
comparing terms with those of the numerator above, it follows
that Qu/qZ,, and 147, correspond to the ATP-dependent and

-independent terms of/o, respectively. Both constants are listed

in Table 3.

The physical meaning of these two new macroscopic
kinetic parameters is revealed from the dependence ai
ATP concentration. At [T]> Ky, in which the catalytic
transitions in the cycle are rate-limiting, takes a value of
fe = 1 — 2K,/ = 1. I and by extensiorg, are thus
related to the number of rate-limiting catalytic transitions in
the cycle!® For instance, taking the limit that hydrolysis is very
fast k; — =), it follows that cat —  and 1f. ~ 1, cor-
responding to one rate-limiting step. At the ATP concentration
[TImin = KmQwm/(Qw — 2Ky), r drops to a minimum value of

=1— kiat % QM
2q§at K (Qu = Ky)

(36)

min

Here, [Thin represents the concentration at which the catalytic
transitions and ATP binding are equally rate-limiting. In the
case that there is only one rate-limiting catalytic transition,
Qv — o and [Thin = Kw, since this also corresponds to the
point of half-maximal velocity. In general, [T} > K if there

are additional catalytic rate-limiting transitions. The minimal
valuermin places a bound on the total number of rate-limiting
transitions in the cycle; in the case of a single catalytic rate-
limiting transition, 1fmi, ~ 2. Finally, at low [T] < Ky, ro =

1, which corresponds to ATP binding being the one rate-limiting
step in the reaction. Thus, the randomness parameter can reveal
Bdditional details of the kinetic scheme that may not be apparent
in the average velocity.

Dwell Time Distribution Although not measured directly by
the experimenter in this imagined scenario, it is still useful to
calculate the dwell time distribution for this system because it
is an example of the simplest type of stepping mechanism. As
detailed above, the Laplace transform of the dwell time
distribution, 1(s), is determined from the position probability
density by applying eq 16 to eq 31, yielding

Y+
S+os+fs+y,

P(s) = (37)

where the coefficieny . is defined from the relatiory(q) =
y+(1 — e7ad),

Due to the nature of the Laplace transform, it is possible to
calculate moments of the dwell time distributiop(t), from
derivatives ofy(s) evaluated as = 0. The first two moments
are found via
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dy
o= ds ‘FO
qa o Y| (2
P md = i ( ds) ‘FO (38)

Using egs 37 and 38, we find th@fl= $/y.+ and f0— {3
= f2ly% — 2aly, . Because this system has only one step size
and can be described by a single dwell time distribution, the
corresponding mean velocity is

d

s (39)

v

As demonstrated previousl,and detailed in Appendix E,
in the case of a uniform step size, the randomness parameter

J. Phys. Chem. B, Vol. 112, No. 19, 2008033

1/2, which suggests that at saturating [ATP], only two states
are rate-limiting and that they have comparable transition rates;
in this case,k;, = k3 ~ 2keat The minimum value of the
randomness parameter, on the other handgis~ 1/2.5. A
value higher than 1/3 suggests that binding is reversible, since
reversible transitions tend to increas¥ a result that is again
consistent with the model assumed here. The randomness
parameter, however, does not dictate the number of kinetic
states, only a lower limit, so at this point, the experimenter can
only conclude that the data is consistent with this simple model,
but cannot rule out more complicated models.

Model Pathway 2: Branched Cycle with Two Stepping
Pathways.Closer inspection of the motor stepping traces reveals
that the motor not only steps forward but also occasionally takes
backward steps (see blue and green traces, Figure 3a), a result
that is clearly inconsistent with the previous model. To account

can also be expressed in terms of the variance and mean of thgor the backward steps, our experimenter next considers a model

dwell times by the relation

r:[ﬂzD— Nilli
ik

Using the values in Tables 1 and 2, it is simple to show that
these expressions agree with the values derived above.

Because of the simple form of this model kinetic cycle, the
inverse Laplace transform can be determined analytically,
yielding an exact solution to the dwell time distribution in the
time domain. Substituting the expressions for the coefficients
a, B, andy into eq 36,3(s) can be written explicitly as

KilT]koks
(S 4 S(ky[T] + Ky + k) + ky[TIk)(s + k)

(40)

P(s) = (41)

Applying the inverse Laplace transform to this expression
reveals a triexponential dwell time distribution with decay rates
/‘Ll,z and k3,

(D) = ka[TTkoKs At Ka[TTkoks o Mt
Ay — 2 (kg — A (4 = A (kg = 2,)
kl[T] k2k3 kst

A 2
(/11 - ks)(/lz - ks) (“42)

where4, ; are given by

1 _
j-1,2 = 2 (ky[T] +k + k) £

VT + &+ )P — ak[Tlk, (43)

cycle with two parallel branches, one to account for each
direction of stepping. Upon binding ATP, the molecular motor
may select one of two branches, denotednd —, in which
translocation occurs in forward stepis or backward steps;d:

E, = T, — Ds
| |
D, — E, (44)
As before, translocation in each branch occurs during an
irreversible ADP release transition. This scheme could describe
a motor with two different “gears”, allowing it to step forward
by d or backward by-d, or more generally, by steps of different
sizedy andd-. In the limit that one step size is set to zero, for
instance, the corresponding branch could represent a pathway
for futile hydrolysis, in which the energy from ATP hydrolysis
is not utilized to generate mechanical motion. Note that this
model allows the rates of each branch to be distinct.

We calculate the kinetic parameters for this cycle by writing
the rate matrix, as before, enumerating the matrix elements in
the order: 1, 2, 3, 3—:

—ky[T] Ky _ ksypi(@) ksp_()
KTl —(k- +ky k) O 0
M — 1 2 2+ 4
@=g" ! S (@5)
0 k2— 0 _k3_

where p.(q) = e are the Fourier transforms of uniform
forward (+) and backward-) steps of sizel.

Although there are now two stepping transitions, the position
probability densityP(q, s) can be shown by the same procedure

It should again be emphasized that it will not always be possible outlined in Appendix C to take the form

to perform the inverse Laplace transform analytically, especially
with an increasing number of kinetic states.
Comparison to DataHaving calculated the velocity and

randomness parameter, the experimenter can evaluate this model
against the observed data. Since many different kinetic scheme

with different numbers of states can produce a Michaelis
Menten-like velocity? this velocity measurement contains little
information on the number or connectivity of the states in the
kinetic scheme. The randomness parameter, on the other han
provides a lower limit on the number of kinetic statésoth

binding and catalytic. Figure 3b illustrates that the measured
randomness parameter as a function of [ATP] is well described
by the macroscopic randomness parameter derived above, eq

33. The asymptotic value of the randomness parameteras

s+ + as+ B(0)
st + o8’ + (A)s + 7(9)

P, 9) = (46)

$n which the proper initial condition is statel.Hn contrast to

the linear cycle discussed in model 1, a feature of this branched
pathway is that both coefficien{® and y depend ong. For

Orourposes that will be evident further below, we express in Table
1

the coefficientsn, 5(qg), andy(q) divided by the factow =
ki[T](ko+ + ko-)ks+ks— and define the quantitigs. as

Koo

p:l: = k2+ + k27 (47)
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such thatp; + p- = 1. As we will demonstrate below, these
represent the probabilities of taking theor — branch. It can
be verified that taking the limitg,- = ks— = 0, equivalent to
removing the two transitions between statesahd D;- and
Ds- and g in the cyclep+ = 1 andp- = 0, and the coefficients
reduce to those for the linear cycle in model 1, as expected.

Mean Velocity and Randomness Parame@alculating the
mean velocity from the position probability density by eq 11
again yields a simple MichaelidVlenten expression,

_ o el T]
v+

whereld]= (p+ — p-)d. The parameterk.y; and Ky can be

(48)

Chemla et al.

~ p.s+y
PLy.(s) = 2 = -

(51)
stee+as+(B, + Ao+ PO)s+ (v, + 7))

where the coefficients., 5., andj(0) are related tg(q) and
B(g) by the relationg/(q) = y+(1 — e 99 + y_(1 — e*iad) and
A@) = f+(1 — e + f_(1 — e + B(0). Sincey(0) =

1, taking the limits = O reveals the form of the branching
probabilitiesp.,

Y+

== 52
vy Ty 2)

Py

which reproduces the values in eq 47. Thus, the dwell time

related to the rate constants of the cycle by following the same ystrihution for each branch and the probabilities of taking each

procedure as in model 1 and are listed in Table 2.

For this cycle, the appropriate definition for the randomness
parameter is ambiguous. Since the motor can step forward and

backward,r may be defined either in terms of the magnitude
of the step sized, or its averageld[] at the discretion of the

experimenter. In a more general case where the step sizes i

each branchd., are arbitrary, the definition usingiCwould

branch easily derive from the position probability density,

illustrating the power and usefulness of this formalism.
Because there are two dwell time distributions, the connection

between their moments and the velocity as derived from the

noosition probability density is more complex than in model 1.

Nevertheless, it is easy to demonstrate thatan also be

appear necessary. Here, however, since the magnitude of th&@lculated from the first momentS.Lof the distributions

step is the same, only its direction is different, it is possible to

user = 2D/vd , which is the definition used in Figure 3b. In

this fashion, the randomness parameter for the branched system
has a general form very different from that found in the previous

model,

1 KalT(Qu+T)
Pe =P gl (Ky+[T)?

r=

Py —p2)

K [T)
oy + 7]

(49)
with Qu/aZ, , 1/0%,, and 16, listed in Table 3. Note that in
contrast to the randomness parameter in the previous nmgdel,
> 1 in the limit that [T] < Ku, sincep; — p- < 1.

Dwell Time Distributionsln this example, it is clear that there

¥+(s). As detailed in Appendix E, the velocity is given by

@0

=m0 (53)

v

as expected, since the average time to complete the cycle is
simply 0= p. @0+ p-[E-0

The relation between the randomness parameter of the entire
cycle and the moments of the individual dwell time distributions
is also more complex than in the previous examples (see
Appendix E). It can be shown that

1 o,
P +ﬁ(p+ p-)

) p, 0= p O
M

r= (54)

is no unique dwell time distribution to describe the stepping where 0= p. {20+ p_[H_20] A similar relation containing
time statistics because there are two separate branches fronghe first two terms of eq 54 was derived previousiy;contrast
which the motor can translocate, each with a unique lifetime. to these published results, eq 54 also contains a third term with
It is thus necessary to utilize a generalized form of eq 16 to a more complex dependence on branching probabilities and

connect the position probability densit(q, s), to multiple

dwell times, which directly results from the fact that steps occur

dwell time distributions. Inspection of this cycle reveals that in different branches with different kinetics. In the limit that
the choice of dwell time distribution depends only on the step the mean time in each branéh.Cis identical, the step size is
succeeding the dwell; thus, the steps in this system arethen uncoupled from the dwell time: only one dwell time

uncorrelated, and only two distributions.(s) are necessary,

distribution is necessary to describe the stepping statistics of

each corresponding to one of the branches. (As an interestingthe motor, and the expressions fosimplify to those derived
aside, if the stepping transitions occur between the kinetic statespreviouslys

T, and Ds+, the statistics of the steps are correlated, and four
dwell time distributions are needed to describe the behavior of
the system.) The appropriate generalization of eq 16 to use for

uncorrelated systems is eq 23, which in this case becomes

1- p+17’+(5) - pJI),(S)
S(1 = (AP 4(5) — p_(AP__(9)

P(a,s) = (50)

As we will demonstrate shortly, the quantitips are identical

in form to those defined above in eq 47. Using the method

Again, due to the simplicity of the model kinetic cycle, it is
possible to calculate the inverse Laplace transform.af..(s)
directly. Substituting the coefficients into eq 51, it is possible
to write

pilh(s) =
Ky[TTko ks
(& + S(ky[T] + Rl + Koy ko) + Ky[T](Koy + ko)) (s Kgy)
(55)

described above to determine dwell time distributions from the
position probability density for a system with multiple stepping which, upon taking the inverse Laplace transform, yields the
branches, we find that following triexponential,
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K [TTKo i Kgy i Following the procedure outlined above and in Appendix C,
Py (t) = oy — ) (key — )e i we calculate the position probability density. In contrast to the
2 TUVRs previous two models, two initial conditions are appropriate

Ky[TTK; ks, ot 1 here: state E which would follow a forward step, and state
(A — Ap)(Kgy — ,12)° D3, which would follow a backward step. Although the choice
K, [T]k,. K of initial conditions does not affect the mean velocity and
L - 28 gkt (56) randomness parameter as demonstrated above, it is relevant for
(A — kg, — 3i) calculating the dwell time distribution. The position probability
densities are thus given by
where
5 &+ as+ B(0)
1 = P+(q' S) = 3 Sz -
=5 (k[T] + K + ko + k5 ) £ s tos + ﬁ(Q)S_+ v(@) ~
1 \/ = > ke(1 = p_(@)(s+ Kk, + ky) 60)
Comparison to DataWith the calculated kinetic parameters, p @9 = §+as+ 5(0) _
the experimenter can now determine if such a model is — S+ o + B(a)s+ y(q)
consistent with the observed data. Although the velocity has _ i
" el . . k(1 — p. (@) + Ky[T] + k, + k)
e same MichaelisMenten form as in the previous model, (61)
the randomness parameter has a more complex behavior. S+ o+ Bs+ y(q)

Notably, the asymptotic value ofat low [ATP] exceeds 1 for
this model, which is not consistent with the observed data (seewhere the subscript and — denote that the initial condition
Figure 3b). However, it should be noted that measurements ofcorresponds to a forward or backward step, respectively. The
the randomness parameter can be noisy, and it may not alwaysoefficientsa, 8, andy are listed in Table 1, normalized by the
be simple to determine if the asymptotic value @ consistent ~ product of the forward rates = ki[T] kzks.
with a value equal to or larger than 1, as seen in Figure 3b. ~ Mean Velocity and Randomness Parametéhe mean

A more unequivocal test of this model is to consider the Velocity and randomness parameter are calculated from the
probabilities of forward and backward stepping. The ability to Position probability density by the same procedure used in
detect the discrete steps of the motor allows the experimentermodels 1 and 2. Despite the possibility of backward steps in
to measure directly the probabilities of taking a forward or a this model, the mean velocity is identical in form to that found
backward stepp., and the probabilities of observing pairs of in the previous models witlka: and Kv given in Table 2.
stepsp:+ as a function of [ATP] (see Figure 3c). If the steps Surprisingly, the randomness parameter also has the same form
are uncorrelated, as in the model considered here, then theas thatin model 1, eq 34, provided the definitiosr 2D/vd is
probability of taking two steps in succession should simply be used. The parametecg, andQu are listed in Table 3.

the product of the probability of taking each step, thapis, Dwell Time DistributionsAs in model 2, multiple dwell time
= p.p+. This is clearly not the case for the observed branching distributions are necessary to describe the kinetics of this model.
probabilities, sincep- is finite, whereasp__ is zero for all However, unlike the case of the previous branched cycle in

[ATP]. Thus, without measuring a single dwell time distribution, Wwhich the choice of dwell time distribution depends only on
the experimenter can rule out not only this model but also any the step succeeding the dwell, here, this choice depends on both
kinetic model that does not produce correlated stepping. the preceding and succeeding steps and, thus, involves four dwell
Model Pathway 3: Cycle with Reversible Stepping Tran- time distributions. As a result, it is necessary to use the matrix
sition. With the observation that the steps of the molecular motor formalism developed to address systems with correlated stepping
are correlated, the experimenter now considers a simple statistics (eq 22) to extract these quantities from the position
modification to the initial model that introduces the possibility probability density. As described above, the distributions for
of backward steps in a fashion that produces correlated steppingdwells occurring between two forward steps,-+(s), and
statistics. Here, the kinetic cycle is nearly identical to that in between a forward and backward step,—(s), are calculated

model 1, with the exception that the product release transition from the position probability densit+(q, s) (eq 60), whose
is now rever5|ble initial condition corresponds to an initial forward step. Following
the procedure outlined in the text, we evaluBt€q, s) in the

E < T,— Ds‘ﬂ E, (58) limit p_(g) = 0 and extract the dwell time distributions,
. . ) ~ Y+
Note, however, that the entire cycle is not reversible due to the P;+¥++(S) = = (62)
irreversible hydrolysis transition, a feature of this model $'+ o + Bi+BONs+ (s +r1)
motivated experimentglly by the fact that the experimenter never . Bi s+y, +sk(s+k,+Kky)
observes two successive backward steps. The corresponding ratp, 1 _(s) = — (63)
matrix is only minimally different from that found in model 1, S+as’+ B +BO)sF (rs +v4)
incorporating a rateks, and weightp—_(g) = €99, for backward
steps. where the coefficienty, y+—, f+-, and5(0) are related to
o ¥(q) and(q) by the relations/(a) = y+(1 — p+(a)) + 7+ (1
—(ky[T] + ky) kg (N () = p+(a)p-(9)) andf(a) = B+-(1 — p+(d)p-(a)) + B(0). The
M(q) = [ki[T] —(k, + Rl) 0 (59) quantitiesp, + gorrespond to the probabilities of follqwing a
Rgp @ K, —k, forward step with a forward or backward step, respectively, and

are determined by taking the limst= 0.
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p = L
oyt
[
= 64
P y 2y (64)

From the position probability densify_(q, s) (eq 61), whose

initial condition corresponds to a backward step, the distributions

for dwells between a backward and forward step.(s), and
between two backward stepg;-—(s), can be determined.
EvaluatingP-(qg, s) in the limit p4(q) = 0,

P (9 = )
B s+y, +y, +sks+k[T] +k +k)
~ S+ as+ B—+BONs+ (y4+ + v
p__y_(9=0

(65)

and the associated probabilities; = 1 andp-- = 0. The
latter stems from the fact that the hydrolysis step in the model
is irreversible, eliminating the possibility of two consecutive
backward steps. As a result, only three dwell time distribu-
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The corresponding stepping probabilities are given by

o Kk
k[T, (K, kpkg
_ (k2 + RI)R?:
P Tl + (kp + KKy
P =1 (68)

In the time domain, the three dwell time distributions take
the form

kl[T] k2k3 — )t
t) = e
p++w++( ) (12 _ ll)(ksa _ ll)
WMk kTl

=2k =2 (g~ Ky — ko)

(kz + R1 - ’11)R3 it (kz + R1 - j-2)R3 2t
B ()= e M A A2
Pt ® (/12 - /11) (’11 - /12)

A>3 A>3

tions are required to characterize the stepping kinetics in this
model.

As in model 2, the connection between the moments of these
dwell time distributions and the mean velocity and randomness Wwith
parameter is more complex. As shown in Appendix E, the mean

Py () = ke (69)

velocity has the same simple forms= [d/[i[Jwhere the average
step size is now given b= d(p+ — p-) and the average
dwell time by @0= p4(p++M:+ 0+ pe—i-0 + p-p—+E+L]
p+ is the probability of taking a forward or backward step,

independent of the previous step, defined in Appendix E in terms

of the conditional probabilitiep...
Calculation of the randomness parameter 2D/vd yields a
more complex expression,

1 iig
+—(p, —p) +
P+ —p- [ﬂljgp+ P-)
_p_ O, [ . O
PP
Py + p—Jr)[ﬂlﬁ
5 p.py M, O+ p_(py By O p [0 — (p - +p_)ED
(P—y — p,)ED

r =

(66)

where the mean square of the dwell time is givenyl=
P+(p++B++20+ pr—@4-20) + p-p-+[-+20]

As with models 1 and 2, it is possible to calculate the inverse
Laplace transform of the three dwell time distributions eqs 62,
63, and 65 analytically. Substituting the coefficients from Table
1 into these expressions and simplifying, we obtain

p++12’++(5) =
Ky [TTkoks

(8 + S(ky[T] + ky + ky + ko) + Ky [TTk, + (ky + Kka)(s + ks)

p+—17}+—(5) = o
(st ky + kykg

S+ s(ky[T] + k; + ky + kg) + ky[TTk, + (K, + ky)kg

k3
s+ kg

P (9= (67)

Ao

1

=3
LT+ + g + R — 4T, + Kol + ) (70)

(K [T] + Kk, + k, + k) +

Comparison to Data.As seen from these calculations,
although very different in the stepping behavior from model 1,
this model produces exactly the same velocity and randomness
parameter, illustrating the limitations of these kinetic measures.
However, with the ability to observe steps of the motor directly,
the experimenter can now calculate histograms of the dwell
times. Since the system clearly displays correlated stepping
behaviors from the branching probabilities, it is necessary to
keep track of the preceding and succeeding step when collecting
dwell times. These distributions are plotted in Figure-8¢br
steps at three different ATP concentrations. If the quality of
these distributions is high enough, then the experimenter can
in principle fit them to determine how many exponentials sum
to create the observed dwell distribution. This number is the
exact number of kinetic states in the system. Moreover, by
investigating how these distributions change with [ATP], the
experimenter can learn something about the connectivity of these
states. For example, the observed dwell time distributions
Y4++(t) (Figure 3d),p+-(t) (Figure 3e), andy—(t) (Figure 3f)
are well-described by the sums of three, two, and one expo-
nential, respectively. The fact that,(t) is well-described by
a single exponential implies that the only kinetic transition that
occurs during the dwell preceded by a backward step and follow-
ed by a forward step is the stepping transition itself. In addition,
—+(t) is independent of [ATP], which implies that the stepping
transition cannot be the binding of ATP. These two facts confirm
the position of the irreversible transition and that of the stepping
transition in the kinetic cycle considered here. Furthermore, the
fact thaty—(t) is described by two additional exponentials with
unigue decay rates and that . (t) is described by all three of
the observed exponential decay rates confirms that the number
of states in the underlying kinetic model is three. Given this
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data, the experimenter can conclude that model 3 is an excellentmethod is similar to the one proposed here; however, because
model for the underlying behavior of the molecular motor. it works in the time domain, it requires the calculation of the

It is in this fashion that the dwell time distributions provide eigenvalues of the rate matrix in order to calculate analytical
the experimenter with the most information on the behavior of expressions for the dwell time distributions, which may not
a molecular motor. However, it should be noted that fitting these be possible for systems with large numbers of internal kinetic
distributions will require a large numbers of steps to accurately states.
measure the distribution and distinguish exponential decays that - oyr methodology, in contrast, can accommodate all these

hav&fa 3|m|Ia;]r de(;]ay rates. thrtherm?rﬁ, kinetic tran3|t|on§”that types of complex kinetic cycles and yield, in a straightforward
are faster than the time resolution of the measurement will not fashion, analytical expressions for all the kinetic parameters

be present in the measured distributions. All of these s'tuat'ons’typically accessible through bulk and single-molecule experi-

howevgr, are |nherent limitations to any measure of the ments. Because the methodology introduced here is based on
fluctuations of a kinetic system. . L . . .
matrix algebra, it is particularly amenable to implementation
with computer algebra programs. As we have shown, in cycles
in which the system steps irreversibly, it is only necessary to
In this article, we have extended a matrix methodology first calculate the characteristic polynomial of the rate matfixo
proposed by KoZ& that is based on the master equation to solve determine the position probability density and dwell time
the kinetics of a molecular motor undergoing cycles of arbitrary distribution, and only its three lowest-order coefficients are
complexity. By formulating the problem in Fourietaplace necessary to calculate the velocity and randomness parameter,
space, we have derived a simple matrix representation for thesimple operations that can be carried out analytically by many
system and have shown how it can be used to solve for the computer programs. The latter point is significant because the
position probability density(q, s). From this quantity, we can  amount of algebra involved in calculating these kinetic param-
derive not only all the kinetic parameters typically associated eters increases dramatically with the number of kinetic states.
with bulk and single-molecule experiments, such as the velocity poreover, because the calculation of the position probability
v, but also quantities uniquely derivable from single-molecule gensity requires at most the calculation of a matrix inverse, as
experiments, such as the randomness paramette branching  opnosed to the eigenvalues of the system, this method can be
probabilities, and the dwell time distributiongs). Furthermore,  gqjly extended to kinetic systems and, thus, matrices of arbitrary
through this formalism, we can connect the microscopic rates g, o Finally, by working in Laplace space, our method provides

gf t.heEF ;:ycle;s tg.t.the lrEa::kroscquI: par?me'ltk},ras,and K, i exact, closed-form solutions for the Laplace transform of the
erivable from traditional bulk or singie-molecule Measurements g o ime distributions for a much wider class of kinetic

and propose analogous parameters for th_e_ randomne_ss Parank pemes than previously reported, and although the calculation
eter,qcar and Qu, which should allow classification of kinetic

schemes on the basis of their fluctuation characteristics. of the inver;e Laplace transform requir.es solutiop of .essenti.ally
Although we have explicitly treated the case of a motor for the same glgenvalue problem as a (_j|rect solution in the time
illustrative purposes, it is important to note that one need not 90Main, this may not be necessary, since the Laplace transform
associate the discrete stefn our formalism with a necessarily of the dwell time dlstrlbutlon_s c_an yleld exact expressions for
physical motion. This step can just as easily represent product@!! Of the moments of that distribution.
formation or a conformational change at the completion of a  As single-molecule technigues continue to unravel the details
chemical reaction that may or may not be coupled to a of molecular motion, it has become clear that many systems
mechanical task. Thus, the methodology described here can balisplay kinetic behaviors that cannot be captured by simple
extended to a large variety of kinetic processes. kinetic schemes, and the need arises for the development of
Several alternative analytical methods for treating complex theoretical tools to calculate the properties of very general kinetic
kinetics schemes have been developed and described previmodels. We have shown that our methodology can be applied
ously1532:33.3637 One approach, using a methodology first to a large class of kinetic systems, including branched kinetic
developed by Derrida for treating one-dimensional diffusion in schemes that take multiple types of steps. Recent technical
random medi&? has been used to calculate general expressionsinnovationd4®have improved the resolution of single-molecule
for the velocity and diffusion constant for a wide range of kinetic techniques to the point that in the future, it will be possible to
schemes (systems with parallel path& arbitrary off-pathway ~ observe the steps of nearly all molecular motors and determine
branches, or deatf and has been modified to include states gwell time distributions directly. The promise of precision fits
with arbitrary lifetimes}* however, this technique has notbeen 5 gwell time distributions, with the ability to determine the

reported to yield dwell time distributions. Another type of jntricate details of the kinetic cycle of the system, is the exciting
analytical method calculates the dwell time distribution directly ¢,t,re of single-molecule measurements.

using a recursive algorithm and derives the velocity and
randomness parameter from its moméhtdowever, as we have
shown here, a wide class of kinetic schemsgstems with
multiple parallel kinetic pathways with different step sizes
(model 2) or, more generally, systems in which the dwell time

Conclusions

Appendix A: Derivation of Velocity and Randomness
Parameter

The general form of the FourieiLaplace transform of the
I%osition probability density, eq 9, allows us to derive general
relations for the velocity and diffusion coefficient as defined
by eq 7. Applying eq 8 to eq 9, we calculate the average position
é'n Laplace space,

(model 3y-cannot be described by a single dwell time distribu-
tion, a situation not addressed with this method. Recently, a
third method for calculating dwell time distributions in a
reversible system, such as the one considered above, wa
developed in which the dwell time distributions were derived - . .
by finding the eigenvalues of the rate matrix for a reduced X i IP(q, s) _ 10,9 _iIR(O,9) (A1)
master equation with absorbing boundary conditi®h$his 09 Ig=0 |R(0,9)] 9|R(0,9)|
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and the average square of the position in Laplace space, We will use this latter relation to evaluate the time derivative

B . of the inverse Laplace transform B{s)2[] As above, we expand
[Xz(s)Dz _ BZP(qZ, 9) _ C(0,9 n the determinantR(qg, s)| to lowest orders irs

aq q=0 IR(O, 5)| - ~¢(0, )

. . .o . 2 (S)D: 4
2C(0, S)IR((;, 9, RO.9I _, IRO.9) (A2 T S+ a(0)s+ B(0) )

IR(0, )| SIR(O,9  sR(0, )| 26(0,9(+ + BO)s+7(0) , (-~ +POs+5(0)
where we have used the property t40, s) = |R(0, )|/s, as S+ + o(0)s+ B0)) (- + a(0)s+ B(0)
discussed in the text. 2(-+ + B(0)s + 7(0))?

Calculating v and D requires taking the inverse Laplace 3 > (A9)

transform of these expressions using the Bromwich integral, s+ + a(0)s+ 5(0)

which is calcula_ted by evaluating the residues at the poles of Applying eq A8, the poles of first order do not contribute to
each term. For Instance, the time derivative, and

)= — [ dse’’X(9)O= S Res(EX(9)0 —p) = il 2C(0,0)7(0) , ¥(0) 47(0) B(0)
X 27 S oS Jz SSEHEE R L 3P((t)2D: BOY +ﬁ(O) BOY !

dnt

S lim ——— ——((s+p)" XS (A3) 4(0) 7(0F° _ 27(0)t
= son (m — 1)) dgh pOF POy

for the mean positionX(s)] where— pj are its poles of order ~ The diffusion coefficient can be calculated by making the
m. In general, this procedure is quite difficult because of the following algebraic manipulation to eq 7:

complex dependence of bailfg, s)and|R(q, s)| ons. However, 9

as stated in eq 7, we are only concerned with the long time 2D = lim [S.X(t)’0— ZDK(t)Eka(t)E) (Al11)
limit, t — o, where most terms vanish asPé— 0, and only e (0t t

the pole as = O_contributes to the sum. Thus, we can write for Substituting eqs A6, A7, and A10, it follows that

a general functiori(t),

(A10)

b 70) _21(0)B(0) | 20(0) 7(0)°
p(0) BOY BO)’
(s"ef(9)) (A4) which is equivalent to eq 12 listed in the text.

lim f(t) = Res(€'f(s); s=0) = (A12)

1 dm—l
(m—=1)! gg"?

wheremis the order of a pole a= 0, and a sum over all such
poles is implicit.

This observation makes the evaluation of the inverse Laplace Let dj be the determinant of px j submatrix ofR starting
transform much more tractable. Writing out the terms of the at the upper left element. The first such determinant is simply
determinantR(q, s)| in the mean position explicitly, di = s+ ki + k. The second is related th by the relationd,

= (s+ ka2 + ki)d1 — kiks. In general, each determinadfollows

lim
s—0

Appendix B: Calculation of |R(q, s)| for an n-State
Linear Cycle

ST iC(0,s) i+ B0)s + 7(0)) (A5) from the previous two determinants in the serigs;andd;—,
=+ a)s+B0) L + a(0)s+ B(0)) by the following recursion relation
it is evident thatX(s)Jexhibits a pole of order 1 and a pole of d=(s+tk+k_d_,—k_ ik .d_, (B1)

order 2 ats = 0. Applying eq A4 to each term, it follows that . . . .
ppYing &q wherej = 1, 2, ...,n. Note that theith determinant in the series,

. iC(0,0) iB(0) iy(0)t io(0)y(0) dn, is not equal tgR(q, )| because the elements at the upper
lim BX(t)0= 50)  pO) )[/'3(0) + 3/2 (AB) right and lower left of the matrixR break its tridiagonal
p(0) symmetry. To account for these elements, we define a second

and the velocity is simply obtained from the time derivative, determinantdy, starting one element below and one to the
right of the upper left corner of the matrix; that &; = s+ k;

e D _iy(0) + kg, d5 = (s + ks + ko)d} — koko, etc. Its recursion relations
v=lim S X(O0= 5(0) (A7) are given by
which is eq 11 in the text. Note that the time derivative could df = (s+ k., +k)d", —kkd", (B2)
also have been applied directly to eq A4 before evaluating the
residue, leading to the following relation: forj=1, 2, ...,n— 1. The fulln x n determinant|R(q, )|, is

thus given by

IR(, 9)| = dy = d} ok (@)p—(0) = kik; *+* kyp.(0) —

im—t A s kik; +++ kyp_(0) (B3)
[y dsm*l(sm e'1(9) (A8) v

lim a% f(t) = Res&e™ T(s); s = 0) =

Closer inspection of eqs BiB3 reveals some important
It is easy to show that this equation also reproduces eq 11 forproperties of the determinantsi; andd;“ arejth order polyno-
the velocity. mials in s and are independent aj. As a result, theq
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dependence ofR(q, s)| results explicitly from the last three
terms containing+(q) andp—(q) in eq B3. Sincep+(q = 0) =
1, it follows that

IR(a, 5) = |R(0,9)| +dj_
koK =+

kb1 = o (@p-(@) +
k(1 = (@) + kiky ++ k(1 = p(q)) (B4)

It is further convenient to introduce the mati¥(s), equal to
R(q, s) in which bothp.(q) andp-(q) are set to zero. From eqgs
B3 and B4, it follows that

IR'(s)]

=d,=|R(0,9)| + d}_kk,+ kK,

"kt
ik, -

=k, (BS)

These matrices will be useful in a later calculation.

A convenient way of rewriting eqs Bi1B3 is to
normalize the determinantd; by o; = kiko **+ k and d
by o}" = koks **+ ki+1, leading to the modified recursion
relations

df=df,1+ K]H + s/lgﬂ) di (B6)

]+1

and for the full determinant,

IR(a, 9)| = d, — d}_K;0,(0) p_(0) — p;(0) —
KiK; «++ K p_(Q) (B7)

whered; andd; are the scaled determinants ag= ki—/k
(with K; = ky/ky). The recursion relations eqs B4 and B5 provide
a prescription for calculating the characteristic polynomial.
However, to calculate andD, we only need to determine the
three lowest-order terms in the characteristic polynomial
IR(q, s)] = = as® + s + y. These three coefficients are
calculated by similarly expanding the submatrix determinants
to lowest orders irs:

Q=Z¢%=$@m+$¥+¢%+$>

Z; 5 0d

Substituting into the recursion relations and collecting like
orders, we obtain the following relations fef’,

(B8)

Aa = KAa®, +a Pk (B9)
and the following fora]*(')
AV =K, AdY + a ' VK, (B10)

where Aa] aj a] , and similarly for the other coef-
ficients and where it is understood traft anda” are zero for
| < 0. Using the determinank = s/k; + 1 + Ky andd = s/kz
+ 1 + K; to provide the initial valuea =1+K; anda

=1+ K; (we also defina@l = a;” = 1), the solutions to the
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recursion relations eqs B9 and B10 for 0 are calculated,

g” =T(1,])

a%=r(2,j+1) (B11)
where we have introducing the function
N m
I'(n,n)=1+ z |_| K, (B12)

m=n; |=n;

Similarly, repeated use of the recursion relations eqgs B9 and
B10 yields the coefficients for all ordets> 0. The calculation
is simplified by the fact thaa{” = a}*(' =0 for| > j. It thus
follows thatAa! = a'" Pk andAa'® = &, Vik44, terminat-
ing the recursion relatlons Carrying out the algebra, we find
that

i gy

g’ = ZaTF(I +1,j)
PG

>

i+1

(1) _

g

T+ 2,j + 1) (B13)

for ordersl > 0.

Equation B13 is another recursion relation that connects each
coefficient to those with lower orders ih By repeated
application of this equation, we can derive exact solutions for
each of these coefficients in terms of sums of productE<of
We find that

J i1— I|ll

(l Z Z kl_ —F(l i —1)x

G, +21,i_,—1)- I“(l2 +1,i,—1)IG,+1,j) (B14)
and
j i—1 i—1—1 1
al = —— e —T(2,i)
|1Z—\ |ZZ\ i= k|1+1 k|+1 -
I, +2,i_y) = I(i,+2,i) I'(i; + 2,j + 1) (B15)

which hold for all coefficients of ordelr > 0. Note that these
expressions determine the coefficients of the determinant
IR'(9)], since |R'(5)| = dy = @7 -+ + a¥% + a)q,.
Moreover, all of these coefficients are mdependenq.of

These recursion relations can be used to solve for the
coefficients of the full determinanR(q, )|, where|R(q, s)| =
>, a(g) ¢, using egs B7 and B8 to calculate the coefficients

a%(q) =
a? — &l %Kp.(q) p_(a) —

a(d) = a — a\%Kyp.(0) p_(A)
Here, theg dependence is explicit ip;(q) and p—(q), and the
second expression holds for &l 0. Equation B16 can thus

be used to determine every coefficient of the determinant
IR(q, s)|. For our purposes here, we consider explicitly the three
coefficients required to calculate the mean velocity and random-
ness parameter. Substituting eqs B11, B14, and B15 and

p+(0) = KiK; ++ Krp_(a)

(B16)
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simplifying, we obtain the following general expressionsdor
= a@o, B = aVgy,, andy = aOgy:

Y@ =742 = p (@) +y-(1— (@) +
V+-(1 = p(@) p(A)

B(@) = p0) + B,-(1 = p.(a) p—(a)

a(q) = a(0) + o, (1 = p(q) p_() (B17)

where these coefficients can be expressed compactly as

n
77+=0n ?—:O’n ” KI
v =0K T(2,n—1)

n

B(O)=OHZ§F(i+1,n—1+i)

n—2

Bi =K, Z ir(z, )T +2,n—1)

=1L Ri+1

n i-1

d(0)=0nZZE%F(j+1,i—1)F(i+1,n+j—1)
=2 =1 KK

n—2i-1 1 1
&, =oK IR TG A+ 2,0)
P3P :
I(+2,n—-1) (B18)

Note that eqs B17 and B18 correctly demonstratetfgt= 0)
= 0 and that the determinafiR(0, s)| = - a(0)s?> + S(0)s.
For the irreversible cycle considered in the text whigre= 0,
note that the terms proportional to-1 p+(q)p—-(q) in eq B17

vanish sinceK; = 0. Furthermore, if the step size is uniform
such thatp.(q) = ™9, a case also treated in the text, these
terms also vanish. Using eqs B17 and B18, the mean velocity

and diffusion constant can be calculated fonastate reversible
linear cycle, yielding eqs 11 and 12.

Appendix C: Calculation of y..(s) for an n-State Linear
Cycle

We start by considering the Fouriektaplace transform of
the individual components of the master equation eq 4,

sP(a.s) — P(0) = Z M; (@) Py(a, ) (C1)
£

and sum over the kinetic state indext is apparent from the
structure of the matriMj for a linear cycle, eq 5, that all the
columns sum to zerexceptfor the first and the last. Thus,

sRA.9) —1= k(@ -p(@P@9~
ki1 — p4(9) P.(a,9) (C2)

Using the fact thaPi(q, s) = 3, Co;(q, P;(0)/|R(0, 5)| from
egs 6 and 9, we find that

Chemla et al.
~ _ ke @) ¢ )
sP(g,s) — 1= RG9 2 Ca,P,(0)
k(1= p (@) &
RG 9 & CnhO ©3)

Equation C3 is a convenient way to expréXs, s), since for
a suitable choice of initial conditions in which only one kinetic
state is occupied at= 0, only two matrix cofactors need to be
determined (as opposed to afl for the full inverse matrix).

To calculate the position probability density explicitly and
then the dwell time distributions, it is necessary to select the
appropriate initial conditions. If the initial step is forward, the
proper choice is that the kinetic state 1 is occupied &t0,
Pi(0) = 0i1. Thus, eq C3 simplifies to

sP.(q,9 — 1=
3 k(1 = p_(9)) Coyy + k(1 — p,(a)) Coy,
IR(q, 9)|

whereP.(q, s) is the position probability density calculated with
this initial condition. These cofactors are related to determinants
that have already been calculated in Appendix By,God;,_;

and Can = knyp—(q)d*_, + kiky *** ko—1. Substituting these
expressions, eq C4 becomes

(C4)

sP.(a,9) ={IR(q, )| — ky(d_, — kdi (L~ p_(a) —

kikidho(1 = p1(@)p- (@) — Kiky =+ k(1 = o, (@)}HIR(G, 9|
(C5)

In the limit that the stepping transition is irreversiblg & 0),
the numerator simplifiegR(q, s)| — kikz =+ k(1 — p+(Q)) =
IR(O, s)| by eq B4, and eq C5 reduces to eq 17.

From this expression, we can calculate the dwell time
distributionsp+1++(s) andp.—1+—(s) following the procedure
outlined in the text. Applying eq 25 yields

= kik, =+ k()
ol L RLLY Rnd?;—l

where we have used the fact thR(q, s)||,_=0 = dn — kiko **
kno+(q) from eq B7 to greatly simplify eq C6.

Collecting terms dependent and independerg allows the
coefficientsag and a+ from eq 25 to be determined and the
dwell time distributionp+9++(s) = —a+/ap to be evaluated,

. KoKy +e K y
Pt (9) = : 2d = |R'ZS)|

1 _ 4
sP(a,9) [, -0 d,

(C6)

(C7)

where we have used eqs B5 and B18 to further simplify this
expression. From eq 26, we can calculate the dwell time
distributionps—y+-(s) = (a0 + a+ — 1)/ap:

PP, (9=
Ay — Kiky =+ Ky — 0y Ky +e K + K d .
d, -
kg
Cc8
[R'(9)] (C8)

We now choose initial conditions such that the last kinetic
state is occupied dt= 0, P;(0) = di,, and eq C3 simplifies to
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k(1 = p_(q)) Coy + ky(1 — p.(a)) Cay,
IR(q, )]
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Sb,(q, S) —1=- wlj( )

P(g,s 0)= ZLDO. i (D2)
(C9)
where we have used the fact that if the dwell time distribution
is given byy(s), the probability of not taking a step within a
nglven timet is given by (1— 9(s))/s. For theN = 1 case, the
motor starts in its initial statewith probability psi; chooses a
path out of that statpwith probability p;; completes this path
generating a step of tygethe size and duration of which are
governed in FourierLaplace space by;(q)yi(s); chooses
another path with a probabilitypy; and then does not complete
this path, with probability (1— y(s)/s. Again, the total

whereP_(q, s) is the position probability density calculated with
an initial backward step.

These cofactors are also related to determinants derived i
Appendix B: Cg, = dp-1 and Cop = ky+(q)d; , +
kikz +++ kn—1. Substituting these expressions,

k(g = kid} o) (1 — oy (@) —
AL = po(@p (@) — kiky =+ k(1 = p_ (@)} IR(, 9|

sP_(a,9 ={IR(a,9)| —
Kok d

(C10) probability is the sum over all possible combinations of paths.
Using the fact thatR(q, s)llp,=0 = th — kikz ** kap—(Q), this i m ) 1— g)jk(s)
simplifies to P(g,s 1)= __Zl PoiP; ¥ii(S)p;(a) P s (D3)
_ _ i.jiR=
1 Ok ko ()
@9 4 —kd_, KKK (C11) The N = 2 case adds one more completed step; thus, the
¥ le=0 o T probability is
From this expression, we can calculate the dwell time m

distributionsp__1—_(s) andp_+1—+(s) by applying egs 25 and
26, from which it follows that

P(a.s 2)= i,j,@l poi(pijlz)ij(s)Pj(Q)) X

- @kl(s)
0 (8 = V- (p,k%k(s)Pk(Q))pm — (D4)
- RO . _— -
Equations D2— D4 can be simplified greatly by defining two
5 () = Koy C12 matricesg(s) andp(q), whoseijth elements equat;;(s) and
P99 = IR'(9)| ( ) ri(Q)djj, respectively. In addition, we define the vectpesand

Y(s), whoseith elements equal the initial probabilifys and
where we have again simplified these expressions using edqsthe sum zJ . Pi(l — ¥i(9)/s. Because the sum of the

B5 and B18.

Appendix D: General Relation betweeny(s), p(q), and
P, 9)

probability of taking all step§ given the previous stepmust
be 1, the latter simplifies t&i(q, s) = (1 — 37, pjyi(9)/s.

With these definitions, eq D2 D4 can be written compactly
as

Consider a kinetic system in which there is the possibility of
takingm different types of steps, each of which is preceded by
a distinct kinetic pathway. We allow the dwell time for each
step to depend not only on the type of step that succeeds the
dwell but also the type of step that precedes it, as well. Thus,
there arar? distinct dwell time distributions, which in Laplace

P, s, 0) = Po(#(9)p(®))° ¥(S)

P(q, s, 1) = po((s)p(a)* (o)

. R -
space we denote by;(s), wherei is the index of the type of P(a, s, 2) = po(¥(p(@)” W(9) (D9)
step preceding the dwell anjds the type of step following it. hus. for all
There will also bem different step-size distributions, denoted Thus, for allN,
in Fourier space by;(q). - T~ N

The probability to be at a position, at a given timet, is P@. s N) = po(¥(e(@)” W(s) (D6)
the sum of the probability to arrive atby taking exactlyN . - o
steps in the duratiort, for all N. In Fourier-Laplace space, ~ &nd the position probability density is
this can be written as -

P 9 = go Po@(e(a)" ¥(9) (D7)

P(a,s) = ;O P(g, s, N) (D1)

Evaluating the infinite sum produces the final relation, eq 22
where P(g, s, N) is the FourierLaplace transform of the in the text,
probability of arriving at positiox in a durationt by exactlyN _ ~ ~
steps. We will determine the general form f8¢q, s, N) by P(a, 9) = po(l — p(9)p(q) - W(9)
extrapolating a pattern from explicit values for ldw

Consider first the case that the motor has not taken a step inwherel is the identity matrix.
timet; that is,N = 0. Physically, the motor starts in the kinetic For a system in which there is no memory of the previous
state corresponding to a preceding step of typith some initial step, all distributions and probabilities have only one index, that
probability psi, chooses the path corresponding to a step of type is, p;j — p; andyj — v, reflecting the fact that the choice of
j with some probabilityp;, and then does not complete it. The a given step and the preceding dwell time do not depend on
final probability is the sum over all initial conditions and the previous step. The above relation for the position probability
possible choices for the different kinetic paths, density can be simplified for such a system by noting that the

(D8)
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elements of each column of the matrix produes)pe(q) are Expanding the Laplace transform of the dwell time distributions
now identical; that is, the elements of thh column are arounds = 0 (as in Appendix A) and relating the derivatives
pYi(9pi(@)- Since the elements gby must sum to 1, the  to the moments of these distributions yields
productpgz]}(s)p(q) is thus a vector with elemenfsy;(s)o;(Q).
Moreover, the vectorP(s) consists of identical elements - 5~
(1 — 3 pi(9)/s, which can be compactly written as > — 7 dpys 1 Y.
T4 oo ~ Y (=9, (0)+s
(2 — Tr(y(9))/s, where Trg(9)) is the trace ofy(s). It thus ds Iss0 27 g lepo
follows that

4 eee =

1— s, OH %Sztﬂiiz[H- -+ (E3)
P (@) () = Tr(t]J(S)p(q))i(l = Tr((s))) (D9)

Inserting these expressions into eq E2 and expanding in powers
It can be shown by direct matrix multiplication that powers of 1/s yields
of the matrix producty(s)p(q) are given by the relation

Y N = (Tr(y N1y - Thus,
@(9p(@)™ = (Tr(y(s)p())™ ¥ (s)e(q). Thus an .p__, O p+_p_+[ﬂ+_|]ﬂ_+[l+

X 0 _ @
&= S0 SEA(p,_ + p_.)
MO0 py B, 0d O-p 0 0d,0

gj (Tr@(©)p@)" % (1— Tr(®(9)) (D10) 251t S, + p_.)

B(a. 9 = 20 PYHSp(@) (S =

mT*DJr 0@ (E4)
which, summing oveN, simplifies to
- _1 1-Tr(w(9) where we have defined composite step-size and dwell-time
PA.9) = ST Trio@o(@n) (D11) e n n _
r(@()p(a)) moments viald"0= p;[d}0+ p_[@"Oand E'0= p. 0+
p-[" ) whereps. is the probability of taking a given step, and
which is eq 23 in the main text. [ 0is the nth moment of the distribution of all dwells
. . preceding a forward or backward step. These expressions can
Appendix E: Connecting the Moments ofy(t) and p(x) to be related to the individual branching probabilities and dwell
vandr time moments vig. = px/(p+— + p-+) and il 0= p.. [} O
Equations 16, 22, and 23 in the text connect the Fourier + p.=[,-[) expressions derived by Tsygankov ef%aDnly

Laplace transform of the position probability densiﬁ(g, 9), terms with negative powers sfare needed, since they are the
to the Laplace transform of the dwell time distributioggs), only terms that will survive the inverse Laplace transform.
and the Fourier transform of the step size distributigu(g). Evaluating the inverse transform and limit of eq E4 using eq
These expressions allow us to express the momerR§opfs) Al

(more specifically, the related velocity and randomness
parameterr) in terms of the moments of the dwell time
distributions and step-size distributions. We adopt here the
definition r = 2D/vld0 so that the final expressions are
completely general. The expressions derived below can be
related to the different definition used in the text by multiplying
by [dAd. 20 {lp,— +p_y)
We first consider a system that displays correlated stepping

statistics in which Laplace transforms of the dwell time ) . o . .
distributions,g+ +(s), and the Fourier transforms of the step size 1akKing the time derivative required by eq 7 yields the expected

distributions, p-(q), are related to the position probability relation between the velocity and the composite moments,
density,P(q, 9), via eq 22. We consider a system with only

JUUR BN PR 1/ B o P o HEPR Djﬂ7+|:|+

[ﬂlﬁ(er— +p_)

0, [ O-p £ 0,0
) _p., (8, .0 p @, 0(ES)

. a0
lim BO0= 1 - TE

two types of steps, labeled witth or —, but this calculation @0
can be extended to systems wittstep distributions. The mean v=— (E6)
velocity v is determined from the average position in Laplace il
space, obtained by calculating the derivative of eq 22=at0:
. 8|5(q, 9) To derive the diffusion constari), and thus the randomness
X()= i ——— (E1) parametert, we need the second moment of the position, which
99 la=o is derived via
With no loss in generality, we can assume that the initial
step is a forward step, and evaluating the derivative in eq E1, 32I5(q 9
we find ()= — —2 (E7)
aq q=0

X(9) =

Do T P PP — Do PP ) x
{(B;)++1/J++ ~p+ égh P-¥—t pj+1/)++p 1{} ) Applying this to the position probability density, eq 22;
Ot |O+J/1+,~ -0 S(~1 B p++w+j B p,,}/},, + expanding the dwell time distributions as above; and expanding
PP — Py p oy )} (E2) arounds = 0 yields
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2@ @0 2p,. @, 83— 2p @ (- 2m1+m+

2
o= ik " S0

20dAE 0 _ 008, 0 p, @, _[d_0
“ogg T 2nt p. a0 2 { e
i (P, — +p—2)
op [ £++[ﬂ++—D_ p_ [0, 0d 0
p_[d_ _

SIA(p, - +p_y)
Pyp M, 08 [—p, p [0 [0

+D —1
21(p_, +p..) TOe)EY

ATd3

Transforming to the time domain and taking the appropriate
time derivative and limit,

00— 2p, [, (& — 2p_d_[3 — 20d, 60
!i_r_ngt&(t)zDz p.La, p LG Y

Kl
2miﬁt N 2m1ﬁ[ﬂzm+
ik b
__[__d, O p,_[, _[Md_0O
(@ pﬂiﬂp | L p Lo L
[ﬂﬁ(p+— +p_y)
2p,@,£++[ﬂ++_m_ p_+|:ﬂ_++|]_
d(p,— + p_y)
4mﬁp++p——m++mﬂ——[’_ P, _p_ [, [ 0 (E9)
E3(p_, + p.)

Equation E9 can now be used with eqs 7 and E5 to solve for
the diffusion constant and for the randomness parameter,
2D/l yielding

21— - @l —p. .3 —p @ 3
r:mm mﬁ+[ﬂzm [ﬂﬁ+2 p.ld,O—p N

,,[ﬂ,,ﬂ]— p+,|:ﬂ+77|:|
2p,[d,
(p,— + p_)@cidd]
2. @ 5+ T 00-07 P, 0, 08,0

(p;— + p_,) EE]
JPep M, O _C—p, p_ 0, [0,

O
(P— + p_+)[ﬂﬁ (F10)

As detailed above, although the particular choice of initial
conditions affects the specific values@fs)andX(s)?L] it does

not affect either the mean velocity (eq E6) or randomness
parameter (eq E10). This can be verified directly by repeating
this calculation with a backward step as the initial condition.
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where it can be verified that the above expressions for composite
moments of the step size and dwell times reduce to the expected
[@"0= py[d 0+ p-fd"Dand @'0= p + 00+ p_['0 This
expression reduces to the randomness parameter derived for
model 2, eq 49 withid.0= +d and [d%0= d? and when
scaled byfdZd to account for the difference in definition.

Finally, we can derive the velocity and randomness for a
system with only one stepping pathway by setting one of the
branching probabilities to zero. We find that the velocity
continues to obey eq E6 as expected and that the randomness
parameter becomes

o (40— mﬁ+ iniiE
[a ik
a result derived previousBf. This expression produces the

randomness parameter for model 1 witlhl= d and[d?}= d?,
in which case the first term in eq E12 is zero.

(E12)
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