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Homework 5

Jeffrey Moffitt
April 21, 2008

= Problem 1 (10 pnts)

. 1/2 ) .
To calculate the corner frequency w, and the mean squared fluctuations, {(x>) / , we must first calculate the stiffness of the
DNA from the worm-like-chain expression

_ kT 1 _ 1
F= (4(l—x/L)2 + x/L 4)

For small changes in the extension around some equilibrium extension, xj, then we can treat the DNA as a spring with
stiffness, K pna = Z—f |y, - Taking the derivative, we find that

OF _ kgT 1

Kpna = G = (1 + 2(I—x/L7 )
Now the corner frequency in an optical trap is

wC=27rfC:“7T

where y = 6nna is the drag coefficient of the bead and «7 is the total stiffness of the system. a is the radius of the bead
and 7 is the viscosity of the solution.

The total stiffness of the system, since the DNA and the trap act as springs in parallel, is simply the sum of the two stiffnesses
KT = KDNA T K

Thus, the final expression for the corner frequency is

KDNATK K kg T 1 (1 + 1 )

We = 6xnr ~  67mna PL 6rna 2 (1-x/L)?

By the equipartition theorem,
Tk () =S kpT
2 °T 2 "B

Thus,

<x2>1/2 =N kﬁ_TT = (ks T)"? (K + ]jgl]: (1 + 2(1—1,\¢/L)3 ))_1/2
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= Problem 2 (10 pnts)

= Part a (2 pnts)

The torque on a magnetic moment in an external magnetic field is

7 = MxH = |[M|| H]|sin(0)

= Part b (2 pnts)
The viscous torque on a sphere with radius a rotating with angular velocity w is

T=8rndw

= Part c (2 pnts)

Notice that the torque on the particle is maximum when the particle is rotated at an angle of 45 degrees from the external
field, in which case sin(90) = 1

The maximum frequency that the bead will rotate with the magnetic field is the frequency at which the drag torque is equal

to this maximum torque.

Setting the two expressions above equal yields

8N’ Wmax = IM||H| 1

MH
Wmax = gy

= Part d (4 pnts)

The torsional persistence length of DNA Py is related to its torsional stiffness by Py = %T— , and the torque on a piece of
DNA of length Lis given by T = C/L6. Thus, in terms of the torsional persistence length the torque needed to twist a
piece of DNA through an angle of 6 is 7 = Py kg T/L6. This implies that the torsional stiffness of the DNA is

ke = PrkgT/L.

Now the magnetic field has an effective stiffness as well dr/df = M H Cos[6], which if we expand to lowest order in 6

yields an effective stiffness of the magnetic field of kyy = M H.

These two torsional stiffness add since the torsional springs are in parallel in direct analogy to the linear springs in problem
1. Thus the total effective stiffness of this system is

kr = PrkgT/L + M H

and the rms fluctuations in angle are
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_ kgT _ kg T
<A62> ~ kv~ PrkgT/IL+MH

= Problem 3 (6 pnts)

= Part a (2 pnts)

If the DNA between bead 1 and the second bead is length L (before we add the nick and the third small bead), then if the
total angle that the molecules has been twisted is ¢ the torque on this portion of the DNA will be

= Part b (4 pnts)

Now, since the DNA has been nicked the only portion that can hold torque is the portion between the small third bead and
bead 1. Assuming this length between these two beads is L;, then the torque due to a number of turns N is

™ = L—C;NZTI'

The rotational drag coefficient for a bead spinning around an axis tangential to its surface is yg = 1477 R>. Thus the

viscous torque is
™ = 4R w

where w is the angular velocity of the bead. Setting these expressions equal since there are no other torques that are non-

zero on average (the Brownian torque averages to zero) yields the final expression for w

_ ¢ N
W= TR

= Problem 4 (6 pnts)

From previous work we know that the change in free energy upon stretching a DNA molecule slowly is equal to the work
done in stretching that molecule. Moreover, the change in free energy is entirely due to a change in entropy. Thus, we have
that

AG W 1
ASZ——T-ZTZ _fdeX

Integrating the relationship between the force and extension for the worm like chain,

)

~|=

JFax = 85 [(qtr + 5 - ) dx =k T 5 (qubyp + 30— &

Evaluating this integral at the bounds x = 1/3 L and x = 2/3 Lyields

_ 1 1,22 12 1 1,12 1 1y_ 11 L
W= LUsm+:3) -73) - Usmm 73 -73) =7 7k T
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Thus the change in entropy is

11 L L
AS = —db L gy = 0458 L ky
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