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Physics 177: Midterm Exam Solutions

Jeffrey Moffitt
March 9, 2008

= Problem 1: Polyelectrolytes

= Parta

In class, we derived the condition & < ﬁ for ions to be in thermal equilibrium around the charged polymer. Recall that
¢ = ?Zzﬁ (where b = % is the distance between charged groups on the polymer), Z; is the valency of the polymer, and
Z,is valency of each of the charges on the polymer. Z,can be absorbed into £ by simply defining a value of b that includes
this parameter,, i.e. if Z, = 2, then we can simply imagine a polymer with twice as many charges per unit length and set

Z, = 1. Thus, the value of Z,,is arbitrary and can be set to 1.

Thus, for a divalent salt, Z; =2 and &< 1/2.

= Partb
Ifé= - kZZT 5 < % , then the distance between charges after condensation must be b = 2 ?ke;—T . Plugging in numbers
b =2 (L6x10° CY = 1.43x10°m = 1.43nm

47(78.5)(8.85x 10712 5-) (138 x 1073 J/K) (298 K)

Thus, the final charge density after condensation is one negative charge per 1.43 nm, or 0.70 e/nm. Contrast this to the
original value for DNA, 2 charges per base pair, i.e. 1 charge per 1.7 A

= Partc

Recall that the Poisson-Bolztmann equation is
2 _ _Amp®)

Vi) = - —"2=

p(r) = Zieny(r) + Z_en_(r)

where p(r) is the charge density at a distance r, Z,,- is the valency of the positive and negative ions, e is the charge of an
electron, and n.,_(r) are the number densities of the positive and negative ions.
The Boltzmann equation tells us that the number density of the positive ion at a distance ris

E4(r)
ny(r) = cpe 7
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where c, is the original concentration of the positive ion and E,(r) = Z, ey(r). Similarly for n_. Thus,

—Zy ed(r) —Z_e(r)
p(r) =Z,ecre T +Z ec_e T

The linear-Poisson-Bolztmann equation assumes that e ¥y << 1, allowing us to expand the exponentials, yielding
p(r) = Zyec, (1 - %) + Z_ ec_(l _ Z—Mf(r))

kg T

Since charges are balanced in the original salt, the concentration of each ion c,,- must satisfy the equation, Z, ¢, = —=Z_c_.
Thus,

p() ~ LEE (<Z, + Z) Y

Thus, the linearized-Poisson-Boltzmann equation is
V() = =22 Bl (-7, + Z1) ()

This in the general form

V2U(r) = & Y(r)

Since the left-hand-side of this equation has a second derivative with respect to space, the term x> can be used to scale the
distance, i..e. x = kr. Thus, « is the inverse of the Debye length. Comparing this expression to the above expression it is
clear that

2 _ 47rezZ+(Z++|Z,|)c+
K _( ekg T )

For a monovalent salt like NaCl, Z, =1, Z_ = —1, ¢, = n, and k*reduces to the expression derived in class.

m Problem 2: Kinked Worm-Like Chain

= Parta
Recall that for a worm-like chain
2 L rL 2t '
(R?) = |7 [(i(s)7(s")) ds ds
Since there is permanent bend or kink at a distance / from one end, we can divide this double integral into three regions

1: Both 7(s)and 7(s") are before the bend
2: Both 7(s)and 7(s') are after the bed
3: 7(s) is before the bend and 7(s') is after it (and vice versa)

Mathematically this can be expressed by breaking our integral up into three seperate integrals over different bounds.
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[ i dsds' = [ [N dsds' + [F[ ) ) dsds’ + 2 [ [*F(s) (sH) ds ds’

where each corresponds to each of the cases above and the factor of two in the last term comes from the fact that there are
two possible choices for which vector is in which region.

The first and second integerals were done in class and in homework 2:
JhGs) sy dsds' =2PI(1 = £ (1 = /Py

L oL, |
J @@ dsds' =2P(L-D)(1 - 25 (1 = e &P

To evaluate the last integral we need to define two reference vectors, 7_(/) and 7,(/), where these are the tangent vectors on
either side of the bend. Thus, (7_(I) 7,(I)) = cos(m — @) = —cos(d). Note that there is a negative sign here because the
vectors both point towards increasing s; thus, the angle between them is actually the complement to 6, 7-6. The dot product
in each region of the last integral can now be referenced to these two vectors

2 [ [H 0 s dsds' = 2 [ [ -0 G- 7. (D) T4 () T(s")) ds ds'

= —2cos(h) fol flLe—U—S)/P e~ L=1-9/P 4 ds'

= —2P%cos(@) (1 —ePy(1 — e L=D/P)

Thus, the full expression is

(R =2PI(1 - £ (1 - ) +2P@L-D(1 - ﬁ (1 = e E-DIPY) —2 P2 cos(8) (1 — e /Py (1 — "L 0IF)

The sign on the additional term makes physical sense: when 6 > 71/2 then cos(f) < 0 and (R?) goes up, just as we would
expect for a kink with 6> n/2.

m Parthb

If / >> Pand (L —1[) >> P, then all exponentials in the above expression ~1, and the mean square end-to-end distance
reduces to

(R*) =2P1 + 2P(L-1) —2 P?cos(6)

=2PL —2P?cos(d)

Moreover, if { >> Pand (L —1) >> P,then PL >> P2, s0
(R?) ~ 2PL

This is the expression for a normal worm-like chain, as expected since in the limit that the polymer is very long, local
defects such as the bend at position / should not affect the chain statistics.
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= Problem 3: DNA Binding Proteins

= Parta

The dissociation constant Kpis related to the free energy of dissocation via

AG = -RThnKp

where R is the gas constant, i.e. kg Ny. Ror the linear piece of DNA the AG; of binding is

AG; = (-1.38x1072 J /K) (6.022 x 10*) (298 K) In(1.78 x10™"") = 61.3kJ/mol = 14.7 kcal /mol
and for the circular DNA

AG, = (-1.38x1072° J /K) (6.022 x 10**) (298 K) In(3.68 x107'?) = 65.2 kJ/mol = 15.6 kcal /mol

AG, > AG because we are considering the dissociation reaction. The AG for binding is the negative of these two values.
Thus, binding to the circular DNA is more spontanous than binding to the linear DNA.

m Partb

The difference between the linear DNA and the circular DNA is that circular DNA has been pre-bent. Bending DNA
requires energy, so if the DNA binding protein bends the DNA as part of its binding reaction, then prebinding the DNA will
change the dissociation constant.

= Partc

If the DNA binding protein bends the DNA, the free energy for binding can be written as

AGping = AGinter = AGpend

where AGjy, is the free energy associated with binding to the DNA, this includes all the interaction terms and the entropic
terms associated with the protein, and AGyq is the free energy associated with bending the DNA from its initial state to its

final state.

Moreover, AGping = — AGyissociation from above.

Thus, the difference in the AG values from above, AAG is

AAG = AG,; - AG; = (AGinter — AGurend,c) — (AGinter — AGpend, 1) = AGuend,i = AGbend, ¢

Now, AGyeng,; is the free energy to necessary to bend the DNA from the linear form to its final conformation, whereas
AGpeng,  1s the free energy necessary to bend the DNA from its bent state in the mini-circle to its final conformation. Thus,
the difference in these two values is equal to the energy necessary to bend the DNA from its linear form to its bent conforma-
tion in the DNA circle.
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A 200 bp DNA circle has a radius of
r = (200bp) (0.34nm/bp)/2 7 = 10.8 nm

A %2 , wWhere r is the radius of

Recall that the energy per unit length for a DNA with radius of curvature r is E/L = %

curvature and A is the bending rigidity of DNA.

Since the protein only interacts with 20-bp of DNA, it is only these 20-bp of DNA that are distorted in the final bound form,
and it is only the energy associated with binding these 20-bp that is important. Thus, the energy to bend this 20-bp region
into a curve with radius of curvature, r is

E=+Al+%

This free energy is the free energy difference calculated above, thus solving for the bending rigidity

A =20AG T =
2(65.2k] /mol — 61.3kJ /mol) (1000] /KJ) (psrismr) friadiml s = 222107 J nm = 32.0keal nm/mol
To calculate the persistence length of DNA, recall that P = fT— , thus the persistence length, P, is
_ A _ 2.22x107° J nm _
P=g7 = (138x10 2 J/JK)298K) 54.0nm

= Problem 4: Entropy and Enthalpy of an Alpha Helix

m Parta

The melting point of a protein is defined as the temperature at which the 50% of the protein is unfolded. This implies that
the equilibrium constant for the F <> U reaction is 1 (where F stands for the folded state and U for the unfolded state). This
in turn implies that the free energy of the system is zero.

Thus, since AG = AH — T AS, this implies that
AH = TAS
Thus,

_ _ (170kJ/mol) _
AS =AH/T = {ZKRD = 526 7 /mol K

m Partb

If each amino acid has 3 additional degrees of freedom each with 2 possible values when the protein is unfolded, then the
multiplicity of the unfolded state, (), is 23 = 8, per degree of freedom, and the total multiplicity is Q@ = 8", where N is the
number of amino acids.

From Bolztmann's equation, AS = kgIn()) = kgln (8™) = kg N In(8).
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Thus, solving for N

_ _AS J mol 1 1 _
N = kgn8 526 mol 6.022x10% 1.38x107 Log[8] =304

Thus, there must be ~ 30 amino acids in the alpha helix.

m Partc

Recall that the only chemical groups that hydrogen bond in an alpha helix (ignoring side chains) are the amino group and the
carbonyl group of the peptide backbond. Moreover, the amino group hydrogen bonds with the carbonyl group 4 amino
acids up the chain, i.e. residue i bonds with residue i+4. Thus, if there are N amino acids in an alpha helix, there are N — 4
hydrogen bonds in the backbone. The minus four comes from the last four amino groups that don't have a carbonyl group
with which they can H-bond.

Thus, the enthalpy per hydrogen bond is

170 2% . . _
% = ((30_"2{)‘) = 6.5 E%perammoamd = 1.08x1072°J = 2.6kg T

m Problem 5: Protein Binding to a Charged Surface: I

= Parta

To derive the electrostate potential, recall that the Poisson-Bolztmann equation is
Vi = -4n L

with charge density, p,

p=-nge(ed—e™)

where y = ey /kpT.

Since the electrostatic energy is always less than the thermal energy, y < 1, and we can expand the exponential terms in p
p ~ =2n, 73%— W

Thus, the Poisson-Boltzmann equation becomes

V2y = 8nnsve;—e—w = Ky

where « is the inverse of the Debye length.

Because of the symmetry of the surface, the only direction in which the potential will change is along the direction perpendic-
ular to the surface. Let's call this the x direction, in which case this becomes a first order differential equation
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du= iy

The solution to this differential equation is

Ux) = ae™ + be*

where a and b are arbitrary parameters that must be determined from boundary conditions.

Our first boundary condition is that the potential must smoothly decay to zero as x — oo; thus, b = 0.

To determine A, we use Gauss' Law to determine the electric field right next to the surface. Recall that Gauss' Law states
that

fﬁE dA = 4Tn Oenc

where Qg is the charge enclosed within the Gaussian surface. We choose a box of surface area A and infintesimal height,
which because the surface charge density is o, will enclose a total charge of o A. Note, we cannot use a box of finite height
because we would then enclose some of the free ions which would change the value of Qe -

Thus,
Ex=0A=4n1ZA> E(x=0)=4rn0/e

Since E = -V = kA e ¥, we can determine A by evaluating this expression at x = 0; thus,

Ka = 0/esa =
Thus, the potential is

— dro —KX
Y = e

Alternative derivation: Many people did not linearize the Poisson-Bolztmann equation initially but instead solved the full
equation. The solution of the full Poisson-Bolztmann equation can be found in Duane, page 343. Itis

_ 2kgT 1+ye™
l’b(x) - e ln( 1—ye*x )

where vy is determined from boundary conditions as above. Taking the derivative of this ¢ yields
E(x=0) = -Vy| = 215 2L

From Gauss' law as above, E(0) = 4no /€

Thus, y satisfies the following relation

Yy _ 4moce _ 1 1 1
1-y2 = 4kgTex ~ 2 A «
where
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_ kgTe
A= 2noe

The solution to this equation is

Y =-kA+ VI + 2A?

where we have picked the positive solution.

m Parthb

First we calculate the Debye length in 50 mM NaCl. Recall that

8 7 e? 12

K :(kRTe C)

In this case,

e=16x10"YcC

kg = 1.38x1072J /K

T =273 + 25 = 298K

€=4ne e = 47(78.5)(8.85x10712C2 /T m)
=873x107°C%*/Jm

ng = .05M = (0.05mol/ L) (6.022 x 10* molecules /mol) (1000 L/m?)
= 3.011 x 10% molecules/m>

Thus,

, 12
_ 8r(1.6x1071° ) 25 312 _ 8, -1
k= (138x 102 J/K) (298 K) 47(78.5) (885 x 10-12 Cz/Jm)) (3.011x 10~ molecules/m”) = 7.346 x 10" m

Thus, the Debye length, k1, is
k' = 1.36nm

Now if the protein is binding to at a distance r, from the charged surface, it has an electrostatic energy that corresponds to
q ¥(x = ry), where g is the charge of the protein.

Thus, its energy E (not to be confused with the electric field above) is

— dno —kr
E = q— e "

If the surface charge density is 0 = 5——, then we can calculate the energy of binding at a distance ;.
47(1.6x107° ) ~0.1nm -20
E=- , Ex = -233x10"J = —14 kJ/mol
(4)(78.5)(8.85.x 10712 $)(7.346x 108 L) (2nm2) (10718 227 PLT36mm | /

From the dissociation constant, we can now calculate the free energy change upon binding using the fact that

AG = RTlog(Kp) = 8.31 —— (298 K) Log(1 x107%) = -1.89 x1072°J = —11.4 kJ/mol

K mol
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Note the sign is changed on the AG relation since the dissociation constant is the equilibrium constant for the process of
dissociating whereas the energy we just calculated is for binding.

Thus, using the fact that AG = AH — T AS, we can calculate AS

AS = — AG-AH _ _ CllAkmol+l4kimo) _ g~ _J

T - 298 K - K mol

Alternative: If we solved the more complicated equation above, we would find that the potential is

_ 2kgT 1+ye™*
l’b(x) - T e ll’l( 1—ye*x )

First evaluating A «

kyTe @ nm?) (10718 l"i) (1.38x107% J/K) (298 K) (4 1) (78.5) (8.85 x 10712 ,%2”

nm2

2noe " T 27(1.6x1071° C)*

Ak= L (7346 10° )= 0.328

This implies that

y = kA + V1 + kA2 = —0328 + \/ 1 + (0.328)> = 0.724

Thus, we can evaluate the potential at xg = 1

—0.1nm
ooy o 2keT q(ltye®\ _ 2(1.38x10°8 J/K) 298 K) 1 ( 1+0.724 ExplTxim ]\ _ 7
Ylx =xo) = L= In( T—yerr )= 16x10°°C Ty Ol )" [ = 0.0838 Z

Thus, the energy (not electric field) is
E=-ey(x=1A) =0.0838 L (-1.6x107"7C) = ~1.34x10°J = —8.1kJ/mol

Thus, the entropy change in this case is

AS = AH-AG _ -8.1kJ/mol +11.4kJ/mol — 11]/Km01

T 298K

Note that this answer is different from that calculated above using the linearized Poisson-Boltzmann equation. The reason is
that for this surface charge density the energy is not always less than kg 7. In fact the value calculated above is already
larger than kg T. This implies that this is not a valid approximation; though, it definitely simplifies the calculation greatly!
(That was the intent at least!)

An additional note: a factor of 4 x is floating throughout the calculation. I have been careful to use the same definition for
the Poisson-Boltzmann equation and Gauss' Law.

m Partc

If one calculated that the entropy decreases then the answer should be that this is expected since the degrees of freedom of
the protein are now restricted. If one calculated that the entropy increased, then this must of been due to the release of ions
or water molecules condensed on the surface.
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= Problem 6: Protein Binding to a Charged Surface: 11

m Parta

Recall that the acid dissociation constant, K, , is related to the pK, via
K, = 107Pka

and that the fraction ionized at a given pH is

Thus, the three K, values and the fraction ionized are

N-terminus:

K, = 1078

fao= G = 1 = 0.091
C-terminus:

K, = 1073

Ja-= 10—£(Ii0-7 = Togor ~0:9999~1

and lysine residue:
K, = 10719 = 32x107!!

3.2x1071 -4
Ja-= s3demeer = 3:2x10

Some may argue that the term "ionized" corresponds to the charged state. This is a reasonable definition, so no credit was

lost if you calculated the fraction for the charged states.

m Partb

To calculate the average charge as a function of hydrogen ion concentration, recall that if we have a species that can ionize,

AHe A + H* then the fraction (or probability) of the species that will be ionized,

—_ Ka
PA- = KA

while the probability of not being ionized is

_ _1H"]
PAH = K, +[H"]
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Note that these probabilities add to 1 as expected.

The protein considered here has three ionizable groups, the N and C termini and the lysine residue, each of which can be
ionized or not. For simplicity, let's label the K, associated with each of these groups as Ky, K¢, and Kx .

To calculate the average charge of the protein we need to first consider all of the possible ionization states of the protein and
the charge of those states, and the probability of observing having that state. Again, for simplicity let's define the symbols
NH+ and N as an extra hydrogen bound to the n-terminus or not, KH+ and K as an extra hydrogen bound to the lysine or
not, and finally the symbols C- and CH as the hydrogen missing from the c-terminus or not. Now, we can easily classify
and label all of the possible combinations of ionization state.

The maximum charge of the protein is +2, which only occurs in the state N+K+CH. The probability of this state is

_[HY [H'] [H*]
P++0 = KyvTHT KetlH] RetlHT]

where we have used the fact that since the ionization of each group does not affect the ionization probability of the other
groups this probability is simply the product of all three individual probabilities.

Now, to consider the possible states that give a charge of +1: This can occur in three ways: NH+KH+C-; NH+; K; CH; N;
KH+; CH. The probabilities of these individual states are

__[HY] [H*] Kc
Prv= = K THT KatHT Ko+lH
[H*] Kk [H*]

P+00 = K XTHT Ke+H1 Ke+H

Ky _IH1_[H]
PO+0 = K[ R +THT Re+lH]

There are three states that can give a net charge of zero: NH+ K C-; NKH+C-; NKCH. The probabilities of these states are

_ __[HY] Kk Kc
P+0- = R THT KetlH] KetlH'
_ Ky [H*] K¢
Po+— = KT (BT KxtlH] KoHlH]
Ky Ky [H*]

P000 = KT K+ H*T Ker[H]

Finally, these is only one state that can give a net charge of -1: NKC-. Its probability is

_ KN KK KC
Poo- = KX HT Ke+lH] Ke+lH]

The sum of all of these probabilites equals 1 as expected.
The final average charge on the protein is the sum of all of the probabilities of see each charge state: Thus (g) is

(@) = +2epio+ le(pis— + proo + Poro) + — € Poo-

In terms of the hydrogen ion concentration and the K, values this is
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e 3 2
(C]> = (Kn+ [H]) (Kx+[H ) (Kc+[H']) (2[H+] + [H+] (KN +KK+KC) - KN KK KC)

To calculate the average charge of the protein at pH = 7.0, recall that this implies that [H*] = 107’. Plugging this in to the
above expression with the K, values derived above, yields

(@) =

e
(105+10-7) (3.2x10-T+107) (103 +107) (

23107y + (107)° (1078 + 10 +3.2x107") = (107%) (107) 3.2x107')) = 0.91 ¢
As a side note, the above expression simplifies nicely to

_ [H*] [H] Ke
(@) = e(KN+[H+] Y Kemg T KC+[CH+])

The sum of the fraction of each group that has a charge times the charge on that group.

m Partc

Since the change in enthalpy is the charge of the protein times the electrostatic potential, this implies that

AH = (@) ¥(r = ro)

m Partd

The change in enthalpy will be zero when the net charge of the protein is zero. Inspection of the expression above yields the
requirement that

2[H* P + [H']* (Ky + Kx + Ko) — KyKxKe = 0

This expression can be solved analytically or numerically to yield a the concentration at which the average charge is zero
(Recall that this is known as the isoelectric point of the protein or pl)

pH = pIl = 9.25
or[H*] = 5.62x107"' M

We also learned a quick trick for calculating this in class. The pl is the concentration of [H*] at which the fraction of +1
charged species equals the fraction of -1 charged species.

Thus,

P++- 1 P+oo T Po+o = Poo-

( [H*] [H*] Kc )+( [H*] Kk [H*] )+( Ky [H*] [H*] )_ Kn Kk Kc
Ky+[H*] Kg+[H*] Kc+[H*] Kn+[H*] Kyx+[H*] Kc+[H*] Ky+[H*] Kx+[H*] Kc+[H*] ]~ Ky+[H*] Kg+[H*] Kc+[H*]

Notice the denominator is common in all expressions, and thus cancels, leaving

[H*T* (Kc + Kg + Ky) = Ky Ki K¢
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Notice that Ko >> Kk, Ky, thus K¢ + K + Ky ~ K¢. This implies that
[H* ~ Ky Kk
which implies that

pH = pKN;erK - 8+210.5 - 925
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